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LESS 0 ST I. 




EL5MESTS OF ACTUARIAL THEORY. 


Preliminary Aef inltiona . 

Interes t may be defined a3 the consideration for the use of 
capital. The capital, that 7diioh i3 invested, and the interest, 
that which is earned by the oapit&l, need not be of the s.vr.e kind. 
For example, the capital may be land and the interest may oe wheat 
paid for the use of the land. It is usual, however, to express 
both capital ani interest in terms of one and the same thin", -en- 
erally some monetary unit, as the dollar, pound, franc, mark. The 
invested capital io called the Principal . We have next to consider 
the rate at which a given capital is earning interest and this 
notion involves the idea of time . We therefore select sore inter- 
val as the unit of time. The unit of time almost invariably 
employed in the theory of interest io the year . It is clear that 
Interest when received may be added to the capital anl 90 in turn 
earn interest. This process is called compounding. Interest is 
usually compounded at the end of stated Intervals , a? every three 
months, six months, year. We are now prepared to define what is 
meant by " The hate of Interest . " 

(a) The Effective Rate of Interest, 

The total interest earned on one unit of principal (one 
dollar) in one unit of time (one year) when interest _i_3 com- 
pounded at the end of each stated interval is called the effective 
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rate of interest. • 

<b) rhe Nominal Pate of Interest. 

The total Interest earned on one unit of principal (one 
dollar) in one unit of time (one year) when interest iB not com- 
pounded at the end of each stated interval is called the nominal 
rate of interest. 

From the above definitions it follows that the nominal and 
effective rates of interest will coincide when, end only when, the 
state! interval happens to be the unit of time (one year). 

In commercial transactions the rate of interest is usually 
quote! as a rate per cent , (that is, per centum, or per hundred) 
units of principal instead of at the rate per unit of principal, 
as in the above definitions} To find the rate as above defined, 
therefore, it will only be necessary to divide the oommeroial rate 
by 100. For example, the mathematical rate corresponding to the 
cocsnercial rate Is 6/100, or .06. 

Before enlarging upon and illustrating the foregoing notions 
of effective and nominal rates of interest, we shall take up the 
theory of Simple Intere st. In this theory, interest is not com- 
pounded, and consequently the rate of interest coincides with the 
above defined nominal rate of interest. For example, if it is 
agreed to pay one cent per month for the use of each dollar of 
principal, interest not to be added to principal, the total inter- 
est earned in one year would be twelve cents for each dollar, that 
Is, ,12 of a dollar. The rate of interest is therefore ,1? or I2 f . 
Similarly, one cent per dollar every three months would be 
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I- MATHEMATICS Q J ANNUITIES AND INSURANCE. 3. 

equivalent to a rate of .04 or 4 f 0 . To deduce the formulas of 
simple interest let 

P = The Principal. 

S - The Amoun t to which that principal will accumulate, 
n = The Term , or the number of years the principal is under 
investment. 

i = The Rata of Interest, or the interest on 1 for one year. 
Since, by definition, the interest on 1 for one year is i, the 
interest on 1 for n years would be n times i, that is, ni. Again, 
If ni ia the interest earned in n years by one unit (or dollar), 

P times ni, or Pni, would be the interest earned by P units (or 
dollars) in n years. The amount, S, is the sum of the origlnal 
principal and the interest earned In n years, hence 

S = P f Pni = P(1 + ni) (1) 

This formula leads to the following rule: —Multiply the interest 
on one dollar for one year by the number of years, add 1 to the 
product, and multiply the sum by the principal. 

Example. — A agrees to lend B the sum of $4368 at an annual 
interest of interest and principal to be paid at the end of 
eiggit years. Wiat sum must. B pay? In this problem we have P = 
4368, i = .06, n = 8. Hence ni = .48, (1 + ni) = 1.48, and S = 
4358 times 1.48 = 4368(1.48) = 6464,64. The total sum is there- 
fore |6464.64. 

Formula (l) contains in itself the whole theory of simple 
interest and by properly applying it any problem in that subject 


Digitized by Goo 


Original from 

UNIVERSITY OF MICHIGAN 



Digitized by Google 


Original from 

UNIVERSITY OF MICHIGAN 



4. 


I. MATHEMATICS OF ANNUITIES AND INSURANCE, 

may be solved. The formula involves four quantities, P, S, n, i, 
and if- any three of these are given the fourth may*be determine! 
by the laws of algebra. In the above example B, n, and ± were . 
.given to determine S. Suppose that S, n and i are given to deter- 
mine P. Dividing both members of formula (1) by (1 + ni) we have 
P a S / (1 + ni) (S) 

Rule. Multiply the interest on one dollar for one year by the 
number of years, add 1' to the product, and divide the amount by 
the sum. 

Example. — $6678 was paid for the loan, of a certain atm 
of money at 7^ per annum for five years and six months, simple 
interest. What was the sum? Solution. S - 6678, n = 6.5, £ = 

.07, henoe, substituting In (2), we have 

P = 5678 / (1 + 5.5 x .07) = 5678 / (1 + .385) - 5670 / 1.335 = 
4099.64. The sum is thus seen to be $4099.64. 

Let P, S and i be given to find n. We have, starting with (1) 
S - P + Pni 
by transposition, S - P = Pni 

dividing both members by Pi we arrive at the following result: 

n = (3 - P) / Pi (3) 

Rule. — Multiply the interest on one dollar for one year by the 
principal, and divide the difference between the amount and the 
principal by the product. 

Example. — In how many years will $5764.16 amount to $6754.78 
at VjL simple Interest? Here P = 5764.16, S = 6754.78, i = .04. 
Substituting in {3 J we 'have 
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I. MATHEMATICS OF ANNUITIES ASD EISDEABCE! . 5. 

n = .(6754.78 - 5764.16) / 5764.16 X .04 = 990.62 / 230.5664 = 
4.296+ = 4 years, 3 months , lei days . • 

This is on the assumption that there are 360 days -in one year. 

Finally, it may he required to find the rate of interest, i, 
when S, P and n are given. In obtaining formula' (3) we found that 
S - P = Pni. Dividing both members of this equation by Pn we have 
1 = (S - P) / Pn (4) 

Rule. — Divide the difference between the amount and the principal 
by the product of the principal and number of years. 

Example. — At what rate of interest will #4632 amount to 
#5373.65 in 2 years and 12 days? In this problem P = 4632, 

S = 5373.65, n e 2,2, hence by (4) 

i = (5378.65 - 4632) / 4632 x 2.2 = 746.65 / 10190,4 = .07327. 
The rate of interest is therefore 7.237^. 

The total interest earned by a principal P in n years at the 
rate of interest i we have seen to be Pni* This quentity, which 
is evidently the difference between the amount and the principal, 
we shall designate by the symbol I. nils leads to the formula 

I = S - P = niP . (5) 


Questions and Problems in the Theory of Simple Interest . 


The questions and problenp here proposed are to be answered 


by the student.* In solving problems use plenty of paper, write 


• In case a** precedes the question or problem it is to be 
answered or worked in full and returned within ten days to me for 

eorrectiop and criticism. In answering questions, imagine the 
instructor present, propose the question to yourself orally and 
answer it in the saite way without reference to the text in the 
lcff-oon.. 
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I. MATHEMATICS OS’ ANNUITIES AND -INSURANCE, 

at the head the formula to be used in the solution, earry out the 
arithmetic work in full, neatly and systematically , and take care 
that the decimal points are In their proper places. Always go 
over your work a second time, if possible in some new way, in 
order to get a check on the first solution. 

1. Define interest. What Is meant by capital? May capital 
be a commodity? May interest be a conmodity? How are they 
usually measured? 

2. Define principal. What is the unit of time employed in 
the theory of interest? would it be possible to select another 
unit of time? 

3. What is meant by compounding interest? Does the stated 
interval in compounding necessarily coincide with the unit inter- 
val? 


4. Define effective rate of interest. A agrees to pay B five 
cents at the end of every six months for the use of one dollar. 

If interest is compounded what will be the effective rate? 

5. Define nominal rate of interest. If interest is not com- 
pounded in the above transaction what will be the nominal rate? 

Doee the nominal rate of interest ever coincide with the effective 
rate? 


6. What is rate of interest per cent, and how is it related 
to the mathematical rate of Interest? If two oents is paid every 
month for the use of three dollars what will be the nominal rate 
of interest per cent.? 

*7. .What is the total interest earned by $857. 44 in twelve 
years at 6.25^7 
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7. 


8. $3478 accumulates r.t 5'i simple interest to $4125 in how 


S py. 


/ 7 A. 


many years ? -6 yy a fl K 0 / / rt * v . 

*9. Eight years, three months ago, $4728 was put out at five 


and one half per cent, simple interest. What is /the amount now? 

* t *71.3 3 

•10. The interest earned on $5579 in four years and two months 
was $2345, idiat was the rate of interest? . ^ C / i " — . 

*11. What capital must he employed at six per oent. single 
interest for ten years to earn $888? ‘ / Y r '' 

*12. How Ions will it take for a given principal to double 
itself at simple interest at rate i? 
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Lesson II. 


ft-* — • 

Theory of Discount . — Discount may he define! as the considera- 
tion for the immediate payment of a sum due at a future date. The 
sum due VI 11 be denoted by S' , the present ts. lue of the sum by ?' 
and the discount by D. If, for example, for the present payment 
of a note for $100 due three months hence^$98 is aoceptedjtne dis- 
count is $2. Here S' * 100, ?' = 98, D = 2. A sum lue may be 
discounted successively and this process is called corrpound dis- 
counting. Example. — To determine the present value of $100 due 
in Six months 'Jfii.en it 1 b agreed to discount every throe months, 
the discount being 2 cents for the present payment of each dollar 
of the sum due for each stated interval, in this case three months, 
of discounting. 

1st discounting S’ = 100, hence D = 2, lienee ?' =.98 

2d * S' = 98, " D - 1.96, " -P' = 96.04. 

The total discount is thus seen to be 100 - 96,04 = 3.96. Hence 
D = $3.96. 

Example.— For the present paymait of $100 due one year hence 
it is agreed to discount every three months, two cents to be 
allowed for the payment at the beginning of each interval for ench 
dollar due at the end of the interval. What is the total discount? 
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II. MATHEMATICS OP AHSUXIIBS AITD ZHSTSAHCS. 

The diagram below illustrates graphically the process of com- 
pound discounting in this example. 

$93.336816 due $94.1192 due $96.04 due $93 due $100 due 

if paid here If paid here if paid here if paid here if paid 

here 


* 

>■■■■■■ 

* fa / 

1 

, 3 months 

3 months 1 3 months 

3 months 1 


Present moment 


* 


3 months hence 




6 months hence 


9 months hence 

« > 

12 months or 1 year hence 
f 




1st discounting S' = 100.00 hence D - 2.00 P* = 98.00 

t* 


3d 

m 

S’ = 

98.00 

" D = 

1.96 

P* = 96.04 

3d 

n 

S’ = 

96.04 

» D - 

1.9203 

P* = 94.1192 

4th 

H 

S’ = 

94.1193 

" 13 x 

1.883384 

P» = 92.236816 


hence the total discount fd-.ich is the difference between the sum 
due $100 and the final present value $92.236816 is equal to 
$7 • 763184, This result may also be obtained by adding up tLe 
several discounts. 

We are now prepare! to define What Is meant by ”1 Sate of 
Dig count a" 

(a) The Effective Rate of Discount* 

The total discount on one unit (one dollar) of the sum. due 
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in one unit (one year) of tine when discount is compounded at the 
ae^innir.flr of eaoh stated interval is called the effective rate of 


discount. 


(b) Hie Nominal P-ate of Discount. 


The total discount on one unit (one dollar) of tie sum due 
in one unit (one year) of time when the discount not compound®, 
at the beginning of each, stated interval is called the nominal 
rate of discount. 

Prom the above definitions it follow that the nominal and 
effective rates of discount will coincide when, an! only when, 
the s tate d interval happens to be the unit of time (one year). 

In commercial transactions the rate of discount is usually 
quoted as a rate per c eat . { that is, per centum, or per hundred) 
units of the sum due instead of at the rate per unit of the sum. 
due, aa in the above definitions. To find the rata as above 
defined, therefore, it will only be necessary to divide the com- 
mercial rata by IOC. Por example, toe mathematical rate corres- 
ponding to the commercial rate 5;t Is 5/100, or .05. 

Before enlar^in*; upon toe forego in-; notions of effective and 
nominal rates of discount, we shall take up the theory of Simple 
Discount . In this theory discount is not compounded and conse- 
quently the rate of discount coincides with the above defined 

m 

nominal rate of discount. Por example, if it is agreed to pay 
one cent per month for toe immediate payment of each dollar of 
the sum due, discount not to bo taken fro?-, the sum. due at each 
suoceaeive monthly discounting, the total discount earned In or.e 


year would be twelve cents for each dollar of the sun due, that is, 
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.18 of a dollar. The rate of discount is therefore .12 or 12^. 
Similarly, one cent per dollar every three months would he equiv- 
alent to a rate of .04 or 4^. To deduce the formulas of simple 
discount let 

S' = The Sum Due. 

P' = The Present Value (immediate payment) to vhich the eum 
due is discounted. 

n = The Term, or the number of years the sum due is discounted. 

d = The Rate of Discount, or the discount on 1 for one year. 
Since, by definition, the dleoount on 1 for one year Is d, the 
discount on 1 for n years would he n times d, that is dn. Again, 
if dn is the discount In n years on one unit (or dollar), S' times 
dn, or S'dn, wauld be the discount on S' units (or dollars) in n 
years. The present value, P' , is the sum. due (original) less the 
discount earned in n years, hence we derive the formula 

P* * S* - S’dn = S'(l - dn) = S'(l - nd) (1') 

Example. — A note for $5362 due in four years is paid now, 
the rate of discount being 7^. What is the present value of the 
note? 

Solution. — Here S' = 5362, n = 4, d = .37. Hence, by formula 
(1') *• = 5362(1 - .07 x 4) = 5362 x .72 = 3360.64. The present 
value of the note is therefore |3860.64. 

Formula (1') contains in itself the whole theory of simple 
discount and by properly applying it any problem in that subject 
may be golved. The fonazla involves four quantities, S', P', n, 
d, and if any three of these are given the fourth may be determined 
by the laws of algebra. Solving in succession for S', n and d. 
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II. MATHEMATICS OF ANNUITIES AIJD HTSTTRAITCE. IS. 

we hare the following formulas: 

* 

S' = P* / (1 - nd) ( 2 r ) 

n = (S' - P') / S'd (3') 

. d = (S' - P') / S'n (4 • ) 


•It is left as an exercise for the student to derive these 
results. The total diccount earned by a sun due, S', in n years 
at the rate of discount d we have seen to be S'nd. This quantity, 
which Is evidently the difference between the sum due and the 
present value, we shall denote by the symbol D. This leads to 
the formula D = S' - P» = ndS* (5') 

Examp 1 sb . 

*1. A bill of 08765 brought 08428 Then discounted at the rate 
3#, Tdiat was the time for which it was discounted? 

*2. If the preceding bill had been for ninety days what would 
have been the rate of discount? 

*3. A six month bill is purchased for $3646 at a rate of dis- 
count 3 and 5/8 per cent, what was the face of the bill? 

*4. Make up one example for each of the five formulas in 
lesson two and solve completely in each case, 

* 5 . How long would it take for a given sum due to yield a 
present value of 1/2 the sum due at a given rate of discount d? 

Cf 1/kth? 

6. State carefully the similarity in the development of the 
thaory of simple interest and the theory of simple discount. Have 
the two theories been brought into any definite relation to each 
other as yet? Has any relation, for example, been established 
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II. KATHSmilCS or A^TOITKS AITD IkTBUR/LfcfG-G 

between the rate of Interest i and the rate of discount d? 

7* Can you name any usual form of co^mierci&l transaction or 
financial transaction Thlch ia based on a rate of discount instead 
of a rate of interest? Are any rates of discount quoted in the 
financial journals? VJlzat in your mind is tit chief distinction 
between a rate of interest and a rate of discount? 
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III. MATHEMATICS OP ANNUITIES AND INSURANCE. 14. 

LESSON III. 

+ tt+ 

We have seen in the preceding lesson that the present value 
of 6362 for four years at the rate of discount 1% Is 3860.64. 
Conversely, suppose this sum received, 386C.J54, la at once put 
out at single interest for four years at the rate or interest ?£. 
What will be its amount at the end of that time? Here we have a 
problem In simple interest and by formula {1} 

S » 3860.64(1 + 4 X .07) = 4941.62. 

This falls short of 5362 by 420.38 and It is clear that there is 
a great difference between a rate of discount of T$> and a rate of 
interest of 7,€. Now vre call that rate of interest, i, which, when 
applied to 3860.64, as principal, for four years, will amount to 
the sum due, 5362, the rate of Interest corresponding to the rate 
of discount 7‘£. The rate of discount Is also said to correspond 
to the rate of interest, i. Let us find the rate i in this prob- 
lem corresponding to d = ,07. By formula (4) we have 

i = (5362 - 3860.64) / (3860.64 -x 4) = .097222+ 

Hence i = 9.722^ when d = 7 f, and n = 4. To show that this is the 
correct value or 1, by (l) we have, 

S * 3860.64(1 + .09722 x 4) - 3860.64 x 1.38339 - 5362. 

We now proceed to establish in general a relation between the rate 
of interest and the corresponding rate of discount by bringing 
our formulae into agreement with business practice. We define the 
rate of interest 1 corresponding to the rate of discount d as that 
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Ill* MATHEMATICS OF ANNUITIES AND INSURANCE. 15. 

rate of interest which In n years Trill increase a principal P to 
an amount S where S is a sum due In n years which "at the rate of 
discount d will have a present value P. By formula (1) we have 
S / P = 1 + ni and by ( 1 ' ) S' / P ' =1 / (1-nd); but by our 
definition S 1 = S and P’ = P, hence 
l+ni=l/(l-nd) 

(1 + ni) (1 - nd) = 1 

i - i - ndi = 0. Solving for i and d respectively, 

we have i = d / (1 - nd)‘ (6 * ) 

d = i / (1 + ni) (7*) 

In the speoial case when the time id one year, that is, when n = 

1, the two preceding formulas become: 

i = d / (1 - d) (S') 

d = i / (i + i) (9«) 

Exanqple. — A bank discounts a bill due in one year at the rate of 
discount 6/£; what is the rate of interest realized by the bank on 
this transaction? 

Substituting in formula (8*) i = .06 / (1 - .06) = .06 / .94 = 
* 0e H* Hence 1 = 11 "thus appears that the rate of interest 

is more than one third of one per cent higher than the correspond- 
ing rate of discount. 

• The Bank of England Rate of Discount is quoted at 3 and 5/8 
per oent; «diat is the rate of interest? 

Reviewing itfiat has gone before we now Bee that the chief dis- 
tinction between a rate of interest i and a rate of discount d is 
that the f a rm er is based upon a sum due in the future Ttf-ile the 
la t t er Is based on the prlnc ipal, a sun In hands 
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III. MATHEMATICS OF A1CHJITIES AND INSURANCE. 16. 

Relations Connecting Eff eotive and nominal 
Rates of Intereat . 

With respect to any siren transaction there is an effective 
rate of interest 1 and a corresponding nominal rate of interest j ; 
the relation between these quantities can be expressed by an 
algebraic formula. This formula will involve m, the number of 
stated intervals in one year. Since the nominal rate is j, it 
follows that during eaoh stated interval 1/bith of a year in length, 
one unit would accumulate 3/m in intereat which added to the unit 
gives an amount 1 + 3/m. If the principal 1^ amounts in one inter- 
val to (1 + j/m) it follows by proportion that a principal of P 
would amount in one interval to P(1 + 3/m), This gives us the 
following rule: to find the amount of a principal P at the end 
of l/taith of a year at the nominal rate of interest ,j ; multiply the 
principal by (1 + 3/m). To find the effective rate of interest i 
we must by definition compound or add the interest to the prin- 
cipal at the end of every stated interval. This leads to the 


following scheme: 



(1) 

(2) 

(3) 

(4) = (S) + (3) 

Number of 

Principal at begin- 

Interest during 

Amount at end of 

interval. 

ning of Interval. 

Interval. 

Interval. 

1 

1 

J /m 

(1 + j A) 

2 

(i + JA) 

(1 + 

(1 + j A) 8 

3 

• 

(1 + 3/m) z 

• 

(1 + j/riO a JA 

• 

(1 + j/m) 3 

• 

m 

• 

(1 + j/m) 7 *' 1 

• 

(1 + .j^n) Tn “ 1 J/m 

(1 + j/a) m ' 
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III. MATHEMATICS OP ANNUITIES AND INSURANCE. 17. 

This shows that at the end of the mth interval the amount is 
(1 + But we started out with 1 unit hence the total inter- 

est earned in m intervals or one year ia the difference between 
these quantities or 

<1 + j/in)* - l 

This by definition is equal to the effective rate of interest i, 
hence wb arrive at the fundamental formula: 

i = (1 + d/bi)® - 1 (6) 

Transposing, we have the useful relation 

1 + i = (1 + J/m)* (7) 

Taking the mth root of both aides, transposing and solving for j 
we have J * m[T(l + i) 1/% - lj (8) 

•The student should carry out the solution indicated in full. The 
number of times per annum that interest 1 b added is m and this is 
often o ailed the frequency of conversion . The nominal rate j with 
a bracketed subscript to the right, J^j, means and should be 
read "a nominal rate of interest J convertible m times per annum." 

Example. — At a certain bank the rate of interest on deposits 
* 

is 3^‘ and interest ia added to principal every six months ; find i, 
J, m. Here the nominal rate j = .03, m = 2, and hy substituting 
in (6) we have i = (If .03/2) S - 1 = (1.015) 2 - 1 = .030225. 
Hence 1 = 3.0225??. It ie thus seen that the effective rate is 
slightly higher than the corresponding nominal rate convertible 
half-yearly or twice per annum. 

Example. — Given the effective rate of interest C>t£, what is 
the corresponding nominal rate; (a) when interest is convertible 
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III. MATHEMATICS 0 T ANNUITIES AND IMS0RA3CE. 18. 

semi -annually, (b) when interest is convertible quarterly? Here 
i and m are given to find J , hence we substitute in formula (8) 
and have 

(a) j = 2( (1 + .06) 1 / 2 - 1) = 2(1.06) V 2 - Z - 2.0591 - 2 = .0591. 

(b) J - 4( (1 + .Oe) 1 ^ 4 - 1) = 4(1. 06) 1 / 4 - 4 = 4.058V - 4 = .0587. 
In this problem it is necessary to extract the square and fourth 
roots of 1,06. The final result shows that in case (a) J = 5.91^ 
and In oase <b) j = 5.87^. We note again that the nominal rate 

is smaller than the corresponding effective rate, also that if the 
effective rate i remaina the Bame the correoponding nominal rate 
will vary with m; when m increases J decreases. In general, when 
i is constant, j grows smaller as the frequency of conversion 
increases. In the above example, when i ® .06, j diminishes from 
5.91^ to 5.87^ as the frequency of conversion increases from twice 
a year to four timee a year. 

•It la left as an exerolae for the student to investigate, 
when j is constant, the variation of i as the frequency of conver- 
sion is increased. 

Suggestion. --Take j = .05 and compute the value of i when m - 
1, 2, 3, 4, etc., using formula (6). 

The Theory of Compound Interest . 

To find the amount of 1 in n years at compound interest. 

Let the effective rate of interest be i. At the end of the first 
year we hare 1 + I and the unit has been increased in the ratio of 
1 to (H i). Similarly during the second year the principal 
{1 + i) will be increased in the ratio of 1 to (1 + i) and will 
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therefore amount at the end of the year to (1 + i)(l + i) or 
(1 + 1)®. Proceeding in thla way we find that at the end of n 
years the amount la (1 +• l) n . 

•The student Is requested to make out a schedule proof of the 
above result such &3 that on page-dST ^ 

Let P be the principal and S the amount of P at compound Interest 
at the effective rate i for n years; let^I be the interest earned 
by P in that time. Since 1 amounts to (1 + i) n in n years it fol- 
lows that P would amount to P(1 + i) n . We have, therefore, the 


formula 

S = P(1 + i) n 

'■ ' (9) 

• * . /V 

Hence 

P = S / (; + i) n = Sv 11 

(10) 

where 

v = 1 / (1 + i) 

UD 


If we replace in the above formulae 1 + i by (1 + to Thlch 

it is equivalent according to formula (7), we have 



S = P(1 + J/m) rm 

(9") 


P = S / (1 + JA) inn = Sv™ 

(10") 

where 

v'= 1 / (1 + j/bi). 

(11") 


These formulae enable U3 to express the relation between P and S 
in terms of the nominal rate J and the frequency of conversion m. 

•It 1 b left for the student to find the value of I, (a) in 
terms of i, n, P; (b) in terms of J , n, m, p. Also, (c) in terms 
of i, n, S; (d) in terms of ) t n, m, S. Tables of interest are 
published giving the values of the functions Cl + i) n and v 11 for 
various rates of interest and number of intervals or years. In 
solving any problem uee should be made of these tables to abridge 
the work as far as possible. 



Original from 

UMIVERSITY OF MICHIGAN 



Digitized by 


Google 


Original from 

UNIVERSITY OF MICHIGAN 



III. MATHEMATICS OT AUNUITEES AJ?D XHSTHU1TCE. 20, 

Example, — What will be the amount of $6475 at 4# compound 
interest in 9 yrs. 

By (9) we have S = 6475(1 + ,04) 9 = 6475 x 1.4233 = 9215.87. 

The value of 1.04 9 was taken from on interest table. The amount 
then is $9215.87. 

Example. — $3674 is placed in a bank; what will it amount to 
in 25 years if interest la and compounded semi-annually? 

Here we have to do with a nominal rate of 3# convertible 
twice a year, hence we use formula (9 H ) with j = .03 ana m = 2. 
Substituting ira have: 

S = 3674(1 + .03/2) 2 * 25 = 3674 X 1.015 50 = 3674 X 2.1052 = 7734.50. 
Hence the amount at end of 25 years will be $7734.50. 

Example. — What principal invested for 21 years at three and 
one half per cent compound interest will amount to ten thousand 
dollars? 

Here S = 10000, 1 = .035, n = 21; substituting in (10) we have 
P = 100CO/1.035 21 = 10000 x ,48557 = 4855.70, The required prin- 
cipal is therefore $4855.70. In this problem r = 1/1.035 and v 21 
was taken from the interest table directly. 

Example. — What sum will accumulate to $8766 in 18 years wh<n 
interest is 5 e » compounded semi-annually? 

In this problem S = 8766, J = .05, m = 2, n = 18; formula (10 ,: ) 
therefore gives P = 8766(1/1.025) 36 « 8766 x .41109 = 3603.61. 
Hence the sum is $3603,61. 

•Find the effective rate corresponding to a nominal rate of 
5^ conver + He (a) half yearly (b) quarterly. 

4 1 
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III. MATHEMATICS OT AENUITISS A3® I'TSTJBASCS. 21. 

•Find the nominal rate (a) convertible twice a year (b) Tour 
times & year corresponding to an effective rate of 4%. 

•State and work out in full four examples illustrating for- 
mulas 9, 10, 9", 10", using your interest tables in the solution. 
•Work out the rate of discount corresponding to the following 

rates of simple interest: 2, 2^, 3, 3^, 4, 4^, 5 per oent. 
m 3 2 3 

•Work out the rates of Interest corresponding to the following 
rates of slinple discount: Z 9 Z~ 9 3, 3^, 4, 4^, 5 p*r oent. 

M b b 

•Solve formula (9) for i in terms of S, P and n., 

•Solve formula (9") for 3 in terms of S, P, m, and n. 

*$5$32 after three years at confound interest amounts to 
#7642, what was the rate of interest? 

•Add the geometric series in column (3) on page lfl and show 


that its sum, which is the total interest earned by the unit dur- 
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LESSON IV. 

*H 

Referring to the preceding lesson, formulas 9 and 9", we see 


that i = (S/P) 1 /^ - 1 (10a) 

3 = m( <S/P) 1 '* nn - 1) (11a) 

I = S - P - P( <1 + i) n - 1) (12) 

= S(1 - v 11 ) (13) 

= P( (1 + j/m) 2 ® - 1) (14) 

= S(1 - 1 / (1 + J/^n)™ 1 ) (15) 

= P( (1 + i*) 1 ™ - 1) (16) 

= S(1 - V 2 ®) (17) 


'inhere 1* = J/m and v' = 1 / (1 + i'). 

Ponnulao (16) and (17) suggest that we find the values of 
(1 + j/taO 2 ® and 1 / (1 t J/m) 2111 In (14) and (15) by entering the 
interest tables with the argument i '£ = for (1 + i ' ) mn 

and v' 2 ®. 

Example. — What is the interest on '52645 for 16 years at 5 
convertible half yearly? By (16) 

I = ( (1.025) 32 - 1) X 2645 = 2645 X 1.2033 = 3184.05. 

Hence I = $3184,05. Here 1.025 32 was found by entering the table 
(1 + I) n with i = and n = 32. 

a 

Example. — A certain sum at 5# convertible semi-annually 
amounts in twenty years to $8466, find the interest. Here by (17), 
I = 8466(1 - 1/1.025 40 ) = 8466 x .S?7S = 5313.26. Hence 
I = $5313.26. To find 1/1. 025 40 we enter the table v 11 with 
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I# * and n - 40. 

***For 8 indent s who have studied logarithms . 

It will be noticed that (9) Involves four quantities: S, P, 

1, n. Any one can be found in terms of the remaining three and 
formulaa hare already been derived for S f P, and i. To find n, 
however, requires the U3e of logarithms. The solution is as fol- 
lows; Taking the logarithm of each member of (9) and remembering 
that the logarithm of the product is equal to the sum 0 ? the log- 
arithms Of the factors, we have 

log S = log P + log (1 + i) n 
= log P + n log (1 h i) 

since the logarithm of a power is equal to the product of the 
power and the logarithm of the base. Solving for n we have 
n = (log S - log P) / log (1 + 1) (18) 

Example. — In how many years will $4364 at 5/T amount to $6849? 


log 6849 = 3.835627 
log 4364 = 3.639885 
0.195742 

log 1.05 = 0.021189 hence n = 9.2379. 

The term le therefore 9 years, 2 months, 26 days. In praotioe the 
above interest of $2485 would be considered ae 'VE.de up of two 
parte', compound interest for an integral number of years, (or inter- 
vals In case Interest Is compounded more than once a year), 9 In 
this case, and simple Interest for the remaining fractional part 
of a year, 

*It Is loft to the student to solve the above problem on the 
latter basis. 
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IV. MATHEMATICS OP ANNUITIES AND INSURANCE. 24, 

Relations Between Effective and Nominal 
Rates of Discount . # 

With respect to any given transaction in compound discount 
there is an effective rate of disoount d, and a corresponding 
nominal rate of discount f ; the relation between these quantities 
can be expressed by an algebraic formula. This formula will 
involve m, the number of stated intervals in one year (see defi- 
nitions, pages 9 and 10). Since the nominal rate is f, it follows 
that during each stated interval 1/hith of a year in length, the 
discount on one unit of the sum due at the end of the interval 
would be f /a, which taken from the unit leaves 1 - t/m as the 
value of the same unit if paid at the beginning of the interval. 

If the sum dus, 1, is discounted in one interval to 1 - t /m it 
follows by proportion that a sum due of S' v/ould be discounted in 
one interval to S'(l - f /m) . This gives us the following rule: 
to find the value of a sum due, S', at the beginning of an interval 
of 1/mth of a year at the nominal rate of discount f, convertible 
m times a year, multiply the sum due by (1 - f/n). To find the 
effective rate of discount d we must by definition compound or 
subtract the discount from the sum due at the beginning of every 
stated interval. This leads to the following schemes 
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IV. MATHEMATICS OF ANNUITIES AND INSURANCE. 25. 


(1) 

Number of 
Interval. 

(2) 

Sum due at end of 
Interval. 

(3) 

Discount luring 
Interval. 

(4)=(2)-(3) 
Value of Bum due 
at beginning of 
Interval. 

m 

1 

f/m 

1 - f/m 

m - 1 

(1 - f/m) 

(1 - f/m)f/)n 

( 1 - f/m) 2 

m - 2 

(1 - f/ta) 2 

(1 - f/to)2f/n 

(1 - f/m) 3 

N 

n 

n 

n 

M 

n 

ii 

ii 

2 

(1 -.f/n) 3 ** 8 

(1 - 

(1 - fAO m " 1 

1 

(1 - f/n)*" 1 

(1 - f/n) m_1 f/ra 

(1 - t/m) m 


This schedule shows that at the beginning of the first interval, 
that is, the present moment, the value of the unit due m intervals 
or one year henoe ia (1 - t/m) a . Hence the total discount for the 
fear is 1 - (1 - This by definition is equal to the effect- 

ive rate of discount i, hence we have the formula: 

d ■ 1 - Cl - t/m) m ' (18a) 

This leads to the relations , 

(1 - f/m) m * 1 - d (19) 

f = m(l - (1 - d) 1 /* 1 ) (20) 

The student should carry out the solution indicated in full. It 
Is to he noted that 1 , the total discount on the unit for the year, 
could he obtained frorr. the above schedule by adding the geometric 
series in the third ooluim. 


•This is left as an exercise for the student. The nuir.Der of 

times per annum that discount is deducted is m and this is often 

called the frequency of conversion. The nominal rate of discount 

f with a bracketed subscript to the ri-tfit , t . . , .means and should 

(m) i 
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IV. MATHEMATICS OF ANNUITIES AND INSURANCE. 


bo read "a nominal rate of disoount f convertible m tinea per 
annum." 

Example. — The Bank of England discount rate on three month 
bills is 3 1/2#. What is the corresponding effective rate of dis- 
count? 

Here f = .035, m = 4. Substituting in formula (18a) we have 
d = 1 - (1 - .035/4) 4 . Hence d * 1 - .99125 4 . Taking the fourth 
power of .99125 by logarithms or otherwise we have 1=1- .965455 
» .034545. Therefore the rate of disoount is 3.4545#, that is, 
sometfiat less than the nominal rate. 

Exanple. — (liven the effective rate of discount 6#, what is 
the corresponding nominal rate; (a) when discount is convertible 
Bemi -annually, (b) vhen discount is convertible quarterly? Here 
d and m are given to find f. By (20) we have 

(a) f - 2(1 - .94 1 / 2 ) = 2(1 - 0.96954) = .06092. Hence f = 6.092#. 

(b) f * 4(1 - .94 1 / 4 ) = 4(1 - 0.98465) = .06140. Henoe f = 6.140#. 

We see that the nominal rate is larger than the corresponding 
effective rate, also that if the effective rate d remains fixed 
the corresponding nominal rate will vary with m; when m increases 

f increases. In general, when d Is constant, f grows larger as 
the frequenoy of conversion increases. In the above example, when 


d = .06, f increases from 6.09# to 6.147® as the frequency of con- 


version increases from twice a year to four times a year. 

’"It is left as an exercise for the student to investigate, when 
f is eonstant, the variation of d as the frequency of conversion is 

increased. 

Suggestion. — Take f = .05 and compute the value of i when 


m = 1, 2, 3. 4, etc., using formula (18a). 
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The Theory of Compound Discount . 

It is left for the student to elaborate the theory along the 
same general lines as that of compound Interest on pages 18 and 
19. let S' he the sum due and P' its present value at compound 
discount at the effective rate d, S’ being due In n years; let D 
be the discount on S'. The resulting formulas are; 

P* = S'(l - d) n » S»(l - f» m (21) 

S* * P* / (1 - d) n = P» / (1 - (22) 

D = s' - ?• = S' (1 - (1 - d) n ) = S' (1 - (1 - f/to)™ 1 ) 

= P'(l / (1 - 4) n - 1) = P'(l / (1 - f/ta)™ 1 - 1) 

•In developing this theory make out a schedule similar to that 
on page 25 showing the discount for each year and that the total 
discount for the n years at the effective rate d is 1 - (1 - d) n 
for each unit of the sum due. Also find the total discount for 
the a years by adding up the geometric series in the third column 
of your schedule. 

Correlation of the theory of interest with the theory of 
discount .— It should be carefully noted that the theory of com- 
pound interest and the theory of confound discount have been inde- 
pendently developed side by side. We shall now correlate or bring 
them into correspondence. In doing this we shall be guided, of 
course, by business practice. Referring to the definition of cor- 
respondence given on page 14 we have S/P = S'/P'. Hence by (9), 
(O") , (21) , we have 

S/P = (1 + i) n 5 (1 + )/m)™ = S'/P* = 1 / (1 - d) n = 

1 / (1 - f/hi) 3111 . 
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Hence 1 + i * 1 / (I - d) = (1 +■ j/in) m = 1 / (1 - f/n) m (23) 
Equations (23) are the fundamental relatione connecting the cor - 
responding effective and nominal rates of Interest and discount 
and the frequency of conversion. It will he notioel that there 
are five quantities: i, j, d, f, a, and the above relations con- 
necting them are independent of n. These five quantities are 
usually taken together with a sixth, v = jA . j , and the above 
formulas make it possible to express any one of the six in terms 
of one or more of the others, 

•Show that i - d = id; that J - f = that d = iv. 


•Express 

i 

in 

terms 

Of 

f and 

m. 

Express 

d 

in 

terms 

of 

) and m 

•Express 

i 

in 

terms 

of 

d e.qd 

m. 

Express 

3 

in 

terms 

of 

f and 

Of v and 

m. 












•Express 

f 

in 

terms 

of 

v and 

m. 

Express 

d 

in 

terms 

of 

7. 
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T A 3 L 3 I. 

Amount of 1: viz., (1 + i) • 


! n : 




: 3f* 3 ^ : 

1.03000:1.03500:1.04000:1.04500: 
1.00090:1.07123: 1.08160 : 1.09203: 
1.09273:1.10872:1.12486:1.14117: 
1.12551:1.14752:1.16936:1.19252: 

1.159 27:'l .18769:1. 21665 : 1 . 24618 1_ 
1719405 :17229 26 ;T . 265 32 • 1 . 30226 : 

1.22987:1.27228:1.31593:1.30086: 
1.26677:1.31681:1.36857:1.42210: 
1.30477:1.36290:1.42331:1.48010: 
1.34392:1.41060:1.48024:1.55297: 

i; 38423: 1.45997: 1 .53945 : 1 . 62235 : 
1.42573:1-51107:1.60103:1.6908-3: 
1.46853:1.56396:1.66507:1.77220: 
1.51259:1.61869:1.73168:1.85194: 
1.55797:1.67535:1. 80094 : 1.93528: 
1 . 604 71' :’l 773395 :17 87 298 : 2.02237 : 

1.65285:1.79468:1.94790:2.11338: 
1.70243:1.85749:2.02582:2.20848: 
1.75351 : 1.92250 : 2.10685 : 2.30786 : 
1.80611:1.98979:2.19112:2.41171: 

1 : 860 2975 ."059 43': 2:57 87775 . 52054 : 

1.91610:2.13151:2.36992:2.63365: 
1.97359:2.20611:2.46472:2.75217 : 
2.03279:2.28333:2.56330:2.87601: 
2.09378:2.36384:2.66534:3.00543: 
5 . 15659:5:44596 r2 77724? : 3 .14068: 
2.22129 : 2.53157 : 2. 88337 : 3. 28201 : 
2.28793:2.62017:2.99870:3.42970: 
2 . 35657: 2.71168 : 3 . 11365 : 3.58404 : 
2 . 42726 : 2.80679 : 3 . 24340 : 3. 74o32 : 
2 . 50000 ■; 2790E03 3 .3 7 3 1 3 : 3 .91386": 
2.57508:3.00671:3.50306:4.08998: 
2.65234:3.11194:3.64338:4.27403: 
2.73191:3.22036:3.79432:4.46636: 
2.81386:3.33359:3.94509:4.66735: 
2.89828 iS’.'iSoaT' : 4:10893: 4.87738 : 
2.98583:3.57103:4.26809:5.09686: 
3.07478:3.69601:4.43881:5.32622: 
3.16703:3.82537:4.61637:5.56590: 
3.26204: 3. 95926: 4.80102:5.81636: 
3". 35990:4.09733 : 4. 99 306 :"6". 07810': 
3.46070:4.24126:5.19278:6.35162: 
3.56452:4.38970:5.40050:6.63744: 
3.67145:4.54334:5.61652:6.93612: 
3.78160:4.70236:5.84118:7.24025: 
3 . 89 504 :4 .86 694:6.07492:7.57442: 
4.01190:5.03728:6.31782: 7.91527 : 
4. 13225 :5 . 21359 : 6 . 57053 : 8 . 27146 : 
4.25622:5.39606: 6.83335:8.64367: 
4.38391:5.58493 r 7 . 106S8: 0 .03264 : 


5 1 


n 


1: 

1.02500: 

2: 

1.05063: 

3? 

1.07689: 

4: 

1.10381: 

5: 

1.13141: 

6: 

1.15969 : 

7: 

1.18869: 

8: 

1.2184C: 

9 

1.24886: 

10: 

1.28008: 

11 

1.31209 : 

12 

1.34489: 

13 

1.37851: 

•14 

1.4129 7: 

15 

1.44830: 

;16 

:1. 48451: 

17 

1.52162 

:15 

:l. 55966 

19 

;1. 59865’ 

20 

;1. 63862- 

;21 

1.67958: 

22 

:1. 72157 

:23 

1.76461 

:24 

1.80873 

25 

1.85394: 

26 

1 .90029" 

27 

1.94780 

:28 

1.99650 

29 

:2. 04641: 

30 

; 2.09757 

:31 

•2.15001 

:32 

2.20376 

33 

:2. 85885 

:34 

: 8. 31532 

35 

2. 37321 

:36 

:2. 43254 

37 

:2. 49335 

:38 

:2. 55568 

:39 

:2. 61957 

:40 

: 2. 68506 

:41 

; 2. 75219 

:42 

: 2, 82100 

:43 

:2. 89152 

:44 

:2. 96381 

:45 

:3. 03790 

:46 

;3. 11385 

:47 

; 3. 19170 

:48 

13.27149 

:49 

: 3.^5328 

:50 

: 3. 43711 

Digitized by 


1.05000: 1: 
1.10250: 2: 
1.15763: 3: 
1.21551: 4: 
1 .27 620: 5: 
1.34010: 6: 

I. 4C710: 7: 
1.47746: 8: 
1.55133: 9: 
1.62839:10: 

T.7 15S4:ir: 
1.79586:12: 
1.88565:13: 
1.97993: 14: 
2.07893:15: 

-S71"82S7 : US: 

2.29202:17: 
2.40662:18: 
2.52695:19: 
2.65330:20: 
"2V 7869 6: 21: 
2.92526:22: 
3.077.32:23: 
3.22510:24: 
3.38635:25: 
' 3\ 55567: 26: 
3.73346:27: 
3.92013:28: 
4.11C14:39: 
4.32194:30: 
4 ’.’5 3 004:31: 
4.76494:32: 
5.00319:33: 
5.25335:34: 
5.51602:35: 
5.79182: 36: 
6.08141:37: 
6.38048:38: 
6.7C475: 39: 
7 .039 99:40: 
"7.39199:41: 
7.76159:42: 
8.14957:43: 
8.55715:44: 
8.98501:45: 
9". 43423:46: 
9.90597:47: 
10.40127:43: 
10.92133:49: 

II. 45740:50: 
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TABLE II. 
Present Val^e of 1: viz., 


n : 2 ^ 

• 

¥ 

• 

~%rjr*r 

. 

• 


• 

• 

5% 

• 

• 

n 

1 : .97561 

ft 

• 

.97087 

• 

• 

.96618 

: .96154 

• 

• 

.95694 


.95238 

• 

* 

i 

2 : .95181 

• 

• 

.94260 

• 

• 

.93351 

: .92456 

• 

.91573 


.90703 

* 

« 

2 

3 : .92860 

* 

• 

.91514 

• 

« 

.90194 

: .88900 

• 

• 

.87530 


.86384 

■ 

• 

3 

4 : .90595 

• 

• 

.88849 

• 

• 

.87144 

: .85480 

• 

• 

,33856 


.82270 

• 

• 

4 

5 : .88385 

• 

• 

.86261 

• 

• 

.84197 

j .82193 

• 

• 

.80245 


.78353 

• 

• 

5 

TT"T .86230 

• 

• 

".83748 

• 

• 

" ."81350 

: -."79031' 

• 

• 

.76790" 


T7462S" 

• 

* 

"7T 

7 : .84127 

• 

.81309 

• 

• 

.78599 

: ■ 7599 2 
; ,73^5 

• 

t 

.73483 


.71068 

m 

• 

7 

8 ; .82075 

• 

* 

.78941 

• 

t 

.75941 

• 

.70319 


.67684 

• 

• 

8 

9 : .80073 

• 

■ 

.76642 

■ 

■ 

.73373 

: .70259 

1 

• 

.67290 


.04461 

ft 

• 

9 

10 : .78120 

• 

• 

.74409 

• 

! 

,70892 

: .67556 

• 

,54393. 


,61391 

■ 

a 

10 

11 ' .76214 

• 

• 

.72242 

9 

• 

.68495 

: .64958 

• 

• 

.61620 


.58468 

• 

• 

11 

12 : .74356 

• 

■ 

.70138 

• 

• 

.66173 

: .62460 

• 

.53966 


.55684 

ft 

12 

13 : .72542 

• 

• 

.68095 

f 

f 

.63940 

: .60057 

* 

• 

.56427 


.53032 

• 

• 

13 

14 : .70773 

• 

ft 

.66112 

• 

• 

.61778 

r .57748' 

♦ 

• 

.53997 


.50507 

• 

V 

14 

15 : .69047 

• 

• 

.64186 

• 

* 

.59689 

: .55526 

• 

* 

.51672 


.43102 

• 

15 

16 : .67362 

• 

• 

.62317 

• 

• 

.57671 

.5339 r 

• 

.49447 


.45811 

ft 

• 

' 16 

17 : .65720 

• 

• 

.60502 

• 

♦ 

.55720 

t .51337 

• 

f 

.47318 


.43630 

ft 

• 

17 

18 • .64117 

• 

■ 

.58739 

t 

• 

.53836 

: .49363 

ft 

• 

,4528a 


.41552 

ft 

• 

18 

19 ! .62553 

• 

• 

.57029 

• 

• 

.52016. 

: .47464 

V 

► 

.43330 


.39573 

ft 

• 

19 

20 : . 61027 

• 

• 

.55368 

• 

• 

.50257 

: .45639 

• 

• 

.41464 


.37639 

ft 

* 

20 

21 : .59539 

• 

• 

.53755 

• 

• 

.48557 

: .43083 

• 

• 

.39679 


.35594 

• 

* 

21 

22 : .58036 

• 

• 

.52189 

■ 

• 

.46915 

i .42196 

• 

• 

.37970 


.34185 

ft 

ft 

22 

23 : .56670 

• 

• 

.50669 

• 

• 

* 45329 

: .40573 

• 

.36335 


.32557 

• 

• 

23 

24 : .55288 

• 

• 

.49193 

• 

• 

.43796 

: .39012 

• 

• 

.34770 


.31007 

ft 

• 

24 

25 : .53939 

• 

• 

.47761 

• 

• 

.42315 

: .37512 

♦ 

• 

.33273 


.29530 

• 

• 

25 

26 : .52623 

ft 

ft 

.46369 

• 

• 

,40384 

: .36069 

• 

t 

. 31840 


.26124 

• 

• 

26 

27 : .51340 

• 

• 

.45019 

• 

■ 

.39501 

»v .34682 

t 

• 

.30469 


.26785 

• 

• 

27 

28 : .50038 

♦ 

♦ 

.43708 

t 

t 

.38165 

: .33348 

♦ 

.29157 


.25509 

• 

• 

23 

29 ; .48366 

• 

• 

.42435 

• 

• 

.36875 

: .32065 

• 

• 

.27902 


.24295 

• 

• 

29 

30 : .47674 

• 

• 

.41199 

• 

• 

.35628 

: .30032 

• 

• 

.26700 


.23138 

• 

♦ 

30 

31 : .46511 

• 

* 

.39999 

• 

i 

.34423 

: .29546 

• 

* 

.25550 


.22036 

• 

* 

31 

32 ! • 45377 

• 

♦ 

.38834 

• 

• 

.33259 

: .23506 

• 

• 

.24450 


.209 "7 

* 

ft 

32 

33 : .44270 

• 

• 

.37703 

• 

• 

.32134 

: .27409 

• 

• 

.23397 


.19937 

• 

4 

33 

34 : .43191 

• 

• 

.36604 

• 

• 

.31048 

: .26355 

• 

♦ 

. 22390 


. 19035 

• 

ft 

34 

35 : .42137 

• 

• 

.35538 

• 

• 

.29993 

; .25342 

• 

,21425 


.18129 

• 

35 

36 : .41109' 

• 

• 

.54503 

• 

• 

,20983 

: .24367 

• 

t 

. 20503 


.17266 

4 

ft 

36 

37 : .40107 

t 

• 

.33498 

t 

• 

.28003 

: .23430 

t 

• 

.19620 


.16444 

• 

• 

37 

38 : .39128 

• 

• 

.32523 

• 

• 

.27055 

: .22529 

• 

• 

.18775 


.15651 

• 

• 

33 

39 : .38174 

• 

• 

.31575 

• 

• 

.26141 

: .21662 

• 

ft 

.17967 


.14915 

• 

♦ 

39 

40 : .37243 

• 

.30656 

• 

.25257 

: .20829 

ft 

.17193 


.14205 

ft 

40 

41”: .”36335 

• 

• 

.29763 

• 

• 

.24403 

: .20028 

t 

• 

.16453 


.13523 

• 

”4r 

42 : .35448 

• 

• 

.28896 

• 

• 

.23578 

: .19257 

ft 

* 

.15744 


*12834 

• 

• 

42 

43 : .34584 

• 

• 

. 28054 

• 

• 

.22731 

: .10517 

• 

• 

.15066 


.12270 

• 

43 

44 : .33740 

• 

• 

.27237 

• 

• 

.22010 

: .17805 

ft 

“ft 

.14417 


.11695 

• 

• 

44 

45 : .32917 

t 

.26444 

f 

. 21266 

: .17120 

• 

.13796 


. 7 1130 

ft 

45 

46 : .32115 

• 

• 

. 25574 

• 

• 

".'20547 

: .16461 

i 

ft 

.13202 


.10600" 

• 

ft 

46 

47 : .31331 

• 

■ 

. 24926 

• 

• 

.19852 

: .15828 

• 

• 

.12634 


.10095 

• 

ft 

47 

43 : .30567 

• 

• 

.24200 

• 

• 

.19181 

: .15219 

• 

* 

.12090 


.09614 

• 

* 

48 

49 : .29822 

• 

■ 

.23495 

■ 

t 

.18532 

: .14634 

ft 

ft 

.11569 


.09156 

• 

■ 

49 

50 : .29094 

• 

• 

.22811 

• 

• 

.17905 

: .14071 


.11071 


.03720 

• 

• 

50 
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TABLE III. 




Amount 

of 1 per 

Annum: viz., . 


; a : ; 

3?o s 

M 

* 

: 

4 U . 

5^ : n : 

1: 1,0000: 

1.0000: 

1.0000: 

1.0000: 

1.0000: 

1.0000: 1: 

2: 2 .0250: 

2.0300: 

2.0350: 

2.0400: 

2.0450: 

2.0500: 2: 

3: 3.0756: 

3.0909: 

3.1062: 

3.1216: 

3.1370: 

3.1525: 3: 

4: 4.1525: 

4.1836: 

4.2149: 

4.2465: 

4.2782: 

4. 3101: 4: 

5: 6.2563: 

6.3091: 

5.3625: 

6.4163: 

5,4707; 

5.5266: 5: 

6: 6.387?: 

6.4684: 

6.5502: 

6. 6330: 

6.7169: 

6.8019: 6: 

7: 7.5474: 

7.6625: 

7,7794: 

7.6983: 

8.0192: 

8.1420: 7: 

8: 8.7361: 

8.8923: 

9.0517: 

9.2142: 

9.3800: 

9.5491: 8: 

9: 9.9545: 

10.1591: 

10.3685: 

10.5828: 

10.8021: 

11.0266: 9: 

10:11.2034: 

11.4639: 

11.7314; 

12.0061: 

12.8882: 

12.5779:10: 

11:12.4835: 

12.8078: 13.1420; 

T5.4864 : 

13.8412: 

14.2068:11: 

12:13.7956: 

14.1920: 

14.6020: 

15.0258: 

15.4640: 

15.9171:12: 

13:15.1404: 

16.6178: 

16.1130: 

16.6268: 

17.1599: 

17.7130:13: 

14:16.5190: 

17.0863: 

17.6770: 

18.2919: 

18.9321: 

19.5906:14: 

15:17.9319: 

18.5989: 

19.2957: 

20.0236: 

20.7841: 

21.5736:15: 

16:19 ^3802: 

"So: 1569:' 

‘20.9710: 

SI '. 824 5 : 

22.7193*' 

"23. 6575:16: 

17:20.8647: 

21.7616: 

22.7050: 

23.6975: 

24.7417: 

25.0404:17: 

18:22,3863: 

23.4144: 

24.4997; 

25.6454: 

26.8551: 

28.1324:18: 

19:23.9460: 

25.1169: 

26.3672: 

27.6712: 

29.0636: 

30.5390:19: 

20:25.5447: 

26.8704: 

28.2797: 

29.7781: 

31.3714: 

33.0660:20: 

21:27.1833: 

28.6765: 

30.2695: 

31.9692: 

33.7831: 

35.7193:21: 

22:28.8629: 

30.5368: 

32.3289: 

34.2480: 

36.30 34: 

38.5052:22: 

23:30.5844: 

32.4529: 

34.4604: 

36.6179 : 

38.93,70: 

41.4305:23: 

24:32.3490: 

34.4265: 

36.6665: 

39.0826: 

41.6892: 

44.5020: 24! 


: £5:34, 157 8: 36 .4593: 36.9 499: 41.6459: 44.5652: 47.7271:25 
: 56 : 36 .OlIT: "MT 55SC1 41,5151: "4473117: '47 , 5 W<8 : "51.1135:26 
;27 :37 .9120: 40.7096: 43.7591: 47.0842: 50.7113: 54.6691:27 
: 28:39 .8598: 42.9309: 46.2906: 49.9676: 53.9933: 58.4026:28 
:29:41.8563: 45.2189: 48.9108: 52.9663: 57.4230: 62.3227:29 
: 30: 43 ,9027: 47.5754: 51.6227: 56.0849: 61.0071: 564.4388:30 
: 31:46.0003: 50. 0027TT4 .'4295 :5~9 . 3283 : 64.7524V 70.7608:31 
: 32:48. 1503: 52.5028: 57.3345: 62.7015: 68.6662: 75.2988:32 
:33: 50,3540: 55.0778: 60.3412: 66.2095: 72.7562: BO. 0638:33 
:34 :52.6129: 57,7302: 63.4532: 69,8579: 77.0303: 85.0670:34 
: 35: 54. 9282: 60.4621: 66.6740: 73.6522: 81.4966: 90.3203:35 
:^6':5T.30Trr^ "77,5983: 86.1640: 95.8363:36 
:37:59 .7339: 66.1742: 73.4579: 81.7022: 91.0413:101.6281:37 
: 38: 62.2273: 69.1594: 77.0289: 85.9703: 96.1382:107.7095:38 
: 39 : 64.7830 : 72.2342: 80.7249: 90.4091:101.4644:114.0950:39 
:40: 67,4026: 75.4013: 84.5503: 95.0255:107.0303:120.7998:40 
: 41": 70'. 0876 T 78.6633: 88 30'!?57"99'.B565>'1I2 . 8467 -T27 .'8398:41 
:42: 72.8398: 82.0232: 92.6074:104.8196:118.9246:135.2318:42 
: 43: 75. 6608: 85.4839: 96.8486:110.0124:125.2764:142.9933:43 
:44: 78.5523: 89.0484:101.2383:115.4129:131.9133:151.1430:44 
: 45: 81.5161: 92.7199:105.7817:121.0294:138.8500:159.7002:45 
: 46 : 84. 5540 * "96 . 501b : HO .'4840 :126 . 8706 : 146 . 0932 : lS8 . 6852 : 46 
: 47 : 87 . 6679 : 100 . 3965 : 116 . 3510 : 132, 9 454 : 153 . 67 26 : 178 . 1194 : 47 
: 48:90. 659 6: 104. 4084: 120. 3883: 139. 2632: 161. 5 879: 133.0254:48 
: 49 : 94 . 1311 : 108 . 5406 : 125 . 6018 : 146 .8337:169, 8594 : 198 . 4267 : 49 
: 50 : 97 . 4843: 112 . 7969 : 130 .9979: 152 .6671:178.5030:209. 3480 : 50 
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I ABIE IV. 

Present Value of 1 per Annum: viz. , agj 


: n - 

: 2^ : 

&£ : 

*¥ ■■ 

: 

*§* : 

5 $ : n 

: 1 

0.9756: 

0.9709: 

0.9562! 

0.9615: 

0.9569! 

0.9524: 1 

: 2 

1.9274: 

1.9135: 

1.8997: 

1.8861: 

1.8727: 

1.8594: 2 

: 3 

2.8560: 

2.8286: 

2.8016: 

2.7751: 

2.7490: 

2.7232: 3 

: 4 

3.7620: 

3.7171: 

3.6731: 

3.6299: 

3.5875: 

3.5460: 4 

: 5 

4. 6458 r 

4.5797: 

4.5151: 

4.4510: 

4.3900: 

4.3295: 5 

: 6 

5.5081: 

-3-.4T72:' 

"T. 3235V 

5. "24 ST: 

. 1579 T H5T0757 f T 

: 7 

6.3494: 

6.2303: 

6.1145: 

6.0021: 

5.8927: 

5.7864: 7 

: 8 

7.1701- 

7.0197: 

6.8740: 

6.7327: 

6 .5959: 

6.4632: 8 

: 9 

7.9709: 

7.7861: 

7.6077: 

7.4353: 

7.2688: 

7.1078: 9 

:10: 

8.7521: 

8.5302: 

8.3166: 

8.1109: 

7.9127: 

7.7217:10 

:il 

9.5142: 

9 .'20 26: 

9 .0016: 

8.7605: 

8.5289 : 

8:3064:11 

:12 

10.2578: 

9,9540; 

9,6633: 

9.3851: 

9.1186: 

8.8633:12 

:13; 

: 10,9832: 10.6350 : 

10.3027: 

9.9856: 

9.6829: 

9.3936:13 


14; 11. 6909: 11. 2961:10. 9205: 10. 5631:10. 2228: 9.8986:14 
15:12.3814:11.9379:11.5174:11.1184:10.7395:10.3797:15 
16:13 . 0530 : 12 . 5611 :12 . 09 41:11 .6523 : II . 2340": 10 .B"378 : 16 
17:13.7122:13.1661:12.6513:12.1657:11.7072:11.2741:17 
18:14.3534:13.7535:13.1897:12.6593:12. 1600 : 11 . 6896 : 18 
19 : 14.9789:14.3238:13 ,70j)8: 13.1339: 12.5933: 12.0853: 19 
20 :_15 . 5892 :_14 . 877 5 : 14 . 2124 : 13.5903 : 13 . 0079 : 12 . 4622 ; 20 
2i : 16 . 1845': 15.4150:14 ~.69&Q: 14 . 0292': 13 .*4047 :'12 . 8212: 21 
22:16 .7654:15,9369 : 15 .1671: 14.4511:13 .7844 : 13. 1S3C : 22 
23:17 . 3321: 16.4436:15.6204: 14.8568:14.1473: 13.4886:23 
24 : 17. 8850 :16. 9355 : 16. 0584: 15. 2470: 14. 4955: 13. 79e6: 24 
25 :_18 . 4244 : 17.4131 : 16.4815 : 15 . 6221 : 14 . 8282 : 14 .0939 : 20 
26 : 18.9506:1? .8768 :16 .8904 :15. 9828: 15 .l4G6:T4l3752: 25 
27 : 19 . 4640 : 18 . 3270 : 17 . 2854 : 16 . 3296 : 15 . 4513 : 14 . 6430 : 27 
28:19.9649:18.7641:17.6670:16.6631:25.7429:14.8981:28 
29:20. 4535 : 19.1885 : 18 .0358 : 16.9837 : 16 .0219 : 15 . 1411: 29 
30:20. 9303: 19. 6004: 18 ..39 20: 17. 2920: IS. 2309: 15. 3725: 30 
31:21. 3954:20. 0004 : 18 . 7363 : 17.5SC5 : 16 . 5444 : 15 .5928: 31 
32:21. 849 2: 20 . 3888 : 19 .0689 : 17 . 8736 : 16 . 7889 : 15 . 8027 : 32 
33 : 22. 2919J 20.7658 : 19 .3902! 18.1476 :17 .0229 : 16.0025 : S3 
34:22.7238:21.1318:19.7007:18.4112:17.2468:16.1929:34 
35:23.1452:21.4872:20.0007:18.6646:17.4610:16.3742:35 
36:23.5563: 21 . 8323 : 20 . 2905 : 18.9083 : 1"7 . 6660 : 16 . 54 69 : 36 
37:23.9573:22.1672:20.5705:19.1426:17.8622:16.7113:37 
38 :24. 3486: 22. 4925:20. 8411: 19. 3679 :18. 0500:16. 86 79: 3e: 
39:24.7303:22.8082:21.1025:19 .5845': 18 . 229 7 : 17 . 0170 : 39 
40:25.1028:23.1148:21.3551:19.7928:18.4016:17.1591:40 
4l : 25". 4661 : 23 . 4124 : 21 . 5991 : 19 .9931:18 ,5"66r: 17". 2944 : 41 
42:25. 8206:23.7014 : 21 . 8349 : 20 . 1856 : 18 . 7235 : 17 . 4232: 42 
43:26. 1664: 23.9019 : 22.0627 : 20 . 3703:18.8742 : 17.5459 : 43 
44:26. 5033 : 24 . 2543 : 22 . 2828 : 20 . 5480: 19 .0184: 17 ,6623: 44 
46:26.8330:24.5187:22.4955:20.7200:19.1563:17.7741:45 
46:27 . 15 42 : HI 7754 r 22:7009 : 20. 8047 : 19 . 2884 fl? 1 8801 : 46 
47:27.4575:25.0247:22.8994:21.0429:19.4147:17.9810:47: 
48:27.7732:25.2667:23.0912:21.1951:19.5356:16.0772:48 
49:28.0714:25.5017:23.2766:21.3415:19.6513:18.1507:49 
50 : 28 . 3623 : 25 .7298:23 . 4556 : 21.4852 : 19 . 7620 ; IS, 5569 : 50 : 
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V. MATHEMATICS OF ANNUITIES AND INSURANCE. PS. 

LECTURE V, 



Annuities -Certain . 

An Annuity is a series of payments made at eg\’.?.l intervals 

during the oontinuance of a given status . 

*■ 

The statue , or condition upon which the payment of the annuity 

depends, may, of course, he anything agreed upon tiy the contracting 

* 

parties, and hence n ay take a variety of forms. In oace the status 

Is a fixed term of years the annuity is called an annuity-certain. 

Thus a series of payments of five dollars a year for twenty years 

would constitute an annuity-certain. The sum of the payments made 

* 

on an annuity in one yew (in case the payments are uniform, that 
is, of the same amount) is called the annual rent . 

A agreeB to pay B three dollars at the end of every month for 
ten years. This is an annul ty-oertain with annual rent of thirty- 
six dollars. 

When the payments are made at the end of the interval the 
annuity- certain is said to he Immediate , when the payments are 
made at the beginning of the interval the annuity-certain is said 
to be due. 

Thus the above annuity is an immediate annuity-certain with 

«* 

twelve payments each year. * 

A agrees to pay B two dollars every three months for seven 
years the first payment to be made at once. 
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V. 


• : ' :I - - -'I —\~Aj 

i ’ 

MATHEMATICS OF ASHUITXTS AND INSURANCE. 34. 

This is a due annul ty-oer tain (or, as it Is pften called, an 

p 

annuity due) with four payments per year and an annual rent of 
eight dollars. 

We shall confine ourselves for the present to immediate 
annul ties -certain with one payment each year. Consider graphically 
the immediate annuity-certain for n years with annual rent 1, that 
is, a payment of 1 at the end of each year for n years. 

On a line we lay off to the right from a point C a unit 
space to represent one year, two spaces for two years, etc. We 
thus have a clear graphic picture of the payments of the annuity 
as they occur. 

Payneits 111 • 1 i 

i 1 — . — 1 — | i ^ 

[ 1 yr 1 yr 1 yr 1 yr 

1 yr 2 yrs 3 yrs n-1 yrs n yrs 

Our first problem will be to determine the present value of 
the above annuity. Designating the present value by , we 3ee 
that it is equal to the present value of 1 due one year hence plus 

the present value of 1 due two years henoe, etc plus the 

present value of 1 due n years hence. By formula (1C) 
the present value of 1 due in 1 year at rate of interest i is v 
n n n n ^ n n g years n"i* " 1 n V 2 


ti u 1*' 

Hence adding we have 

a n] = v i- vS + v3 + 4 V 11 

= v(l + •V + V® + 

= v(i - v n ) / (1 - v) = (1 - V 11 ) / (1/V - 1) 

= (1 - v 11 ) / (l+i-l) = M- v n ) / i. 
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We have finally then ^ 

= <1 - ▼») / i 


35 . 


; j A--' 
i v * 


n\ 


( 24 ) 


Referring 138011 to formula (13) we see tliat the numerator of (24) 
is the total discount on 1 due in n years at effective rate of 
interest i while the denominator is the effective rate of interest, 
i. Hence we may write for this particular form of annuity-certain 

The total discount on 1 due in n years 




(25) 


The effective rate of interest 
Example.— What is the present value at 3 of an annual pay- 
ment of $375 at the end of each year fo'r ten years? 

Solution. — The present value of a similar payment of 1 per 
annum is hence we have 

Present value = 375 a— j . 

Referring to the table we find that a-- © 3^ is 3,5302 and there- 
fore the required present value is 375 x 8.5302 = 3198.82. The 
present value of the series of payments is then $3198.82. 


C 


In arriving at formula (24) we were obliged to sum a geo- 
metric serieB and as this form of series frequently comes up in 
actuarial work it will be worth while to devote a few words to the 
method of summing suoh aeries at this point. The general form of 
a geometric series is the following: 

a + ar + ar 5 * + ar® + ar* + ar 5 + ar € +. + ar n_1 + ar n +.., 

The first tern is the rati o is r; let it be required to find 
the -sum of the first n terms of this series. It will be noticed 
that the first tern) does not involve r, the second involves r to 
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the first power, the thirl involves r to the second power 
the nth term involves r to the power n-1. Designating the sum of 
the first n terms by s we have 

s = a + ar + ar 2 + ar 3 + ar 4 + + ar 0-1 . (26) 

If we now nultiply both sides of (26) by r and subtract the 
aamo fron fofrmxla (26) we shall be led to the following scheme: 
b = a 4- ar 4- ar2 + ar^ + ar^ +*,,,,,4* ar n "2 4. ar n ~* 
sr = ar + ar 2 + ar 3 + ar 4 + + ar n “ 2 + ar 11-1 + ar 11 


s - sr 


- ar' 


This may be written 

s(l - r) = a(l « r n ) and dividing both aides by 
(1 - r) we are led to the desired formula expressing the sum of 


(27) 


the first n terms in terme of a, f and n: 

1 - r Il \ 

" a rrr (37 

r j«t ue apply (27) to sum the series on page 25, that is, 

8 = V + V 2 + V 3 + .«.+ V n . 

Here we have a = v, r = v, and the number of terms is n. Hence 

substituting in (27) it appears that 

1 - v n 

1 - v n l ' 

A geometric series of frequent occurrence is t£e following: 

l + x + x s + x 3 + x 4 +;&<v*. *:;«*+ s* 1 " 1 . (28! 

To sum this we note that a = 1, r = x, and n = n. Substituting 
in (27) we have 


a = l 


1 - x n 
1 - x 


(1 - X*) / (l - x) 


Formula (29) may be easily verified by ordinary long division 
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as below: 

1 - x ) 1 - x n (l + x»x 3 -«-x s + 


1 - X 



X 2 - x n 
x2 - x3 

x 3 - x° 


+x n -l 


x n_1 - x a 
x n ~ x - x n 
0 

In a similar manner the truth of formula (27) may be verified 
by long division; * this is left as an exercise for the student. 

*1, A deposit of $146.75 is to be made in a bank at the end 
of every year for 27 years. The deposits are to be compounded 
annually at 4;£; what is the present value of tliese deposits? 

•2. Find the formula giving the relation between an annuity 
due for n years and an annuity immediate for n years, both at the 
same rate of interest. The annuity due for n years i3 denoted by 
the symbol a/^ . 

*3. Make up and solve two examples illustrating theory 
developed in this lesson. 
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• A * 

*4. A gentleman pays down $10(54 for' an immediate annuity of 
$100 per annum; how long must he live to realize 3 $ compound inter- 
est on the investment? Pour per cent? 

Suggestion. — Solve (84) for n hy logarithms, noting that 
v = 1 / (1 + i). 
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LECTURE VI. 





In the preceding lesson we obtained formula (24) involving 
three quantities, namely; 1, n, and a^] . It is to be noted that 
v, Vhioh appears therein, is really a function of i, for v = 

l / U + i). 


Vo my express the formula thus; 

v 1 


1 " 




(1 * i) a 


(30) 


or, using negative exponents, 

1 - (1 + i)" n 


ah] = 


(31) 


2Joir if any two of the three quantities i f n, a^j , are given, 
theoretically the third cam be obtained* Formula (2o), for exam- 
ple, expresses agj in terms of i and n. .Our next problem will be 
to express n in terras of 1 and agj . From (30) we have 
i&nl = 1 - 1 / (1 + D n 

hence 1 / (1+ i) n = 1 - ia^-j 

and (1 + i) n = 1 / (1 - ia^ ) 

Taking the logarithm of each side of this equation we have 
log(l + i) n = log(l / (1 - laq ) ) 

= log 1 - log(l - lBg] ) 

But since the logarithm of a power is eoual to the power times the 
logarithm of the base, and since log 1 = 0, this becomes, 
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40. 


hence 


or 


n = ^ l0 6< 1 - ia nl i 
?-log(l + i) 




n Z > 

log v 


r 1 


?■ 

s 


(32) 


(32a) 


•Problem. — $2396. 37 is paid for an immediate annuity-certain 
of $146.76; how many years has it to run if interest is 4;£? 

The student Bhould note that owing to the negative character- 
istic the numerator, log(l - iajjj ) , in (32) will always be nega- 
tive, and that taken with the minus 3ign makes the fraction posi- 
tive, since the log(l + i) is always positive. For example, the 
log. 6986 la 1.844353 = -1 + .844353 = -.155647. The student 
should also- remember that the annual rent or payment of the 
annuity ajjj la 1. 

The case rcjisn a^ and n are given to find the rate of interest 
i involves the solution of an equation of higher degree and would 
not properly come under an elementary treatment such as is 
proposed in this course* If a table of the values of for ^ 
various rates of interest s however, is available, an approximate 
solution of. this oaae may be obtained by simple proportion. See 
problem at end of lesson. 


We next proceed to find the a mount of an Immediate annuity- 
certain with on annual payment of 1. 

To find the amount we must accumulate at the given rate of 
interest all the annual payments to the point E, In tine n years 
ahead. Eor figure see page 34. 7/e thus have to accumulate the 
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first payment of 1 for n - 1 years, the seoond payment of 1 for 

n - 2 years, etc. , the (n - l)tb payment of I for 1 year, 

the nth payment of 1 for 0 years, at compound Interest at the rate 
i. By formula (9) the amount of 1 for n years at rate i is 
<1 + i) n . Hence we have: 

Amount of 1 at rate i for n - 1 years is (1 + 

* " 1 * * 1 rt n - 2 " " (1 + i) n " P ' 


* w 2 * 

" * 1 n 


n j ii 

" i " 


2 

1 


(1 ♦ i) 2 
(1 + i) 


h 


" I 


0 


1 


Adding the separate amounts w* have, denoting the total 
the symbol s-^ , 

sgj = 1 + (1 + i) + (1 + I) 2 + (1 + i) 3 +, + 

This la a geometric series tfiose first term Is 1 , ratio 
and number of terms n. Hence by formula (27) we have 

. lr(lM) n (1 + i) n - l 

SH I * rtlTTiT" ■ i 

Tills Is a fundamental formula and Is of much Importance in 
the theory of compound interest. Referring to formula ( 12 ) ire see 
that the numerator of ( 33 ), (1 4 i) n - 1 , 1 b the total interest on 

one unit for n years and this leads to, the verbal equation: 

/ 

Total interest on 1 for'n years 

■5] = — (34) 

1 The effective rate of interest 

The student should note the analogy between forr.ulr.s (25) and 


amount by 


Cl + i) 
(1 + i) 


n-1 


(£3) * 


(34), and also (31) and (33). 


Pormula (33) involves three quantities: i, n, sgi , the latter 
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belhg expressed In terras of i and n* 3y solving for n we find that 

n = logCl + iaffl > (35) 

log(l + 1) 

•The student should work this out. Thi3 formula with the aid 
of logarithms enables us to determine the number of years or inter- 
val of time *ien the accumulation or amount and the rate of inter- 
est are given. 

Tables of ajjj and sjjj have been computed and in working problem? 
involving these quantities it is of course needless for the stu* 
dent to oompute them. In the "Short Collection of Actuarial 
Tables" agj and sgj are given to four places of decimals ani 
1 / a^j or, a* it may otherwise be written, to six places of 

decimale. They are all given for values of n from 1 to 50 and at 
rates of interest varying by 1/S# from to 5j£ Inclusive. 

Example. — Whatr Is the amount at 3# of an annual payment £>375 
at end of each year for ten years? 

The amount of & similar payment of 1 for ten years is by the 

®n? tatlle: B I6j & $ = 11.4639. Hence we hare 375a--j = 

375 x 11.4639 = 4298.96. The total accumulation is therefore 

$4298.96. 

Problems . 

*1. Beginning January 1 a deposit of $25 is made every six 
months in a savings bank where interest is 5# compounded semi- 
annually. That will be the accumulation at the time the 424 
deposit is made? 

*2 Prove that 1/s^j = i + l/s^-; 
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*3. Compute a^ and wiym i = 1^. Find to four decimal 

places using logarithms. Then nolva example 1 when interest Is 
3^ compounded b emi -annually. 

-—•4. An immediate annuity-certain of $125 per annum at 4f£ 
amounts after how many years to $10746.29. 

*5. Show how by proportion with the aid of a table of a^j 
and bjj the rate of interest , i , on an annuity-certain may be 
approximately obtained if the quantities, a^j , n, or s n ~, , n, aro 
given. 

*6. A gentleman at age 36 takes a policy with annual premium 
of $27.63; if he lives to make his 17th payment on this policy, 
what will be the amount of all the premiums he has male the com- 
pany at that time assuming money to be north three anl one-half 
per cent? 

*7. In the preceding problem how many years must he live in 
order to have made premium payments In excess of the face, $10C0, 
of the policy? (a) if money is worth 3$, (b) if money is worth A.%. 


\ 
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LESSON VII. 

+**+ 

APPLICATION OP THE PRECEDING LESSONS TO 
MISCELLANEOUS PROBLEMS. 

One of the moat important applications of the Theory of Com- 
pound Interest and Annuities is to the valuation of securities. 

We shall first determine how to find the value of a loan, repay- 
able by Instalments at stated periods of time, with interest for 
dividend) on the outstanding portion of the loan at a rate g, and 
all oomputed, or valued , so as to yield the purchaser a given rate 
of interest i. A good Illustration of this is furnished by a 
Municipal Bond. In the Commercial & Financial Chronicle of Nor. 
30, 1901, p. 1175, the following Bond proposal is made. 

"Huntsville, Alabama, Bond Offering. — Proposals will be 
received until Jan. 7, 1902, for an issue of $40,000, 5;,« Gold 
School Bonds. Securities are In denomination of $500, dated 
Jan. 1, 1902. Interest will be payable in New York City. 
Principal will mature Jan. 1, 1932." 

Here we have a loan of $40,000 made by the purchaser of the eecur- 
iti©8 or bonds. The annual interest (or dividend) on these bonds 
is 5$. The bonds are redeemed at the end of 30 years. Suppose 
an intending purchaser of these bonds wished to pay a price so as 
to yield him a net rate of 4^, how much ought he to pay? This is 
the nature of the general problem we are to discuss. It is to be 
noted that if the purchaser of this loan to the City of Huntsville 
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wished to realize 5# on his investment, he would pay $40,000 for 
the bonds, or $1 for each dollar to he redeemed. If, however, he 
ip- oontent with 4^, more than '$40, 000 must bo paid for the bonds,— 
i. e., more than $1 for each dollar to be redeemed. Let us now 
prooeed to the general case. 

let C represent the price to be paid on redemption. 

let n represent the number of years after which the 
security becomes redeemable. 

let K repreeent the present value of C, due n years 
hence, at the rate of Interest i employed 
in the valuation of the security. 

let g represent the ratio of the dividend per enmnn 
to C. 

let A represent the present value of the security. 

In the above example, C = 40000, n = 30. The dividend or interest 
per annum ia .05 x 40000 = 8000. Hence g = 2000 / 40000 = .05. 

By Formula (10) the present value of 40000 due in 30 yrs. at 4# 
ia x 40000, idler* y is ■ ■ ■ ■ , i. e., the value of y correspond- 


ing to i = 4ft. _ / / 'S '• / 

How, returning to the general problem, wo note that the value 
of the security, so far as the purchaser or holder is concerned, 
ob^ist'a of two parts:— 1st, the annual interest (or dividend) to 
be received; and Sd, the sum to be redeemed at the end of n yrs. 

To find the present value, A, of the security, then, we must find 
the /value of each of these two parts and add them together. How 
mucii is the annual dividend or interest? The interest per unit 
$he redaction price C ia by definition g; if the interest on 
is g, the interest on C units is gC. Hence at the end of 
eve. V year for n yra. the holder will receive gC units. 




Digitized by Gou 




Original from 

UNIVERSITY OF MICHIGAN 





Digitized by 


Google 


Original from 

UMIVERSITY OF MICHIGAN 



VII. MATHEMATICS OP ANNUITIES AND INSURANCE. 46. 

. 6f '?i 8C- gf 8° and C 

1 yr 2 yrs 3 yra - - - (n - i) yrs n yrs 


Now, it is evident that these interest or dividend payments of gC 
at the end of every year constitute an immediate annuity-certain 
of annual rent gC and period of n yrs . The value of such an 
annuity with annual rent 1 is agj ; hence the value of the annuity 

with annual rent gC is 

\ 

8 C 4t] 

It is to he noted here that a^j is to he taken at the rate of inter- 
est 1 to he employed in the valuation of the security, a rate which 
in general is different from g, the rate of dividend. 

Tho present value of the sum C, to he redeemed in n yrs., is 


by’ (10), v 11 x. C = K, by definition. 


Adding these results together we hare, A * v 1 ^ + fiCa^] 
1 - v n 


By (24) aj,, 


Substituting in the above formula we h<\ve' 


A = v«C + e c[. 1 -V 3 g] 

«= v"C + |(c - vHC) 

Sinoe K = v^C, - A = K + |(C - K) 

If in the above formula we regard the total sum to he redeemed as 
unity . then'C = 1, and K is the present value of 1 to he redeemed 
in n- yrs . , i . e . , K = v°C =» v^l = v 11 , and we have , 

A = K + (g/i) ( 1-K) ‘ (36) 


or 


A = v 11 + (g/i)(l - y n ) adding and subtracting 1, 


we have, 'A = 1 - (1 - v n ) + (g/OU-v 11 ) 
therefore A = 1 - (1 - v^l - g/i) 


= 1 


-l 3 ^] 


(i - g) , hut * ag| 


A*l-ag(i-g) > 
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In this formula agj Is computed at i^. 

Pcrmula (37) thus gives the value of a security where the 
sum to he redeemed Is 1, mowing this, of course, we can find the 
value of a security of the same nature where the sum to be redeemed 
Is any given amount. A, then, is the purchase price per unit of 
the redemption price. How, A may be greater than 1, in which case 
the aeeurity is said to be purchased at a premium ; in case A is 
less than 1, the security is purchased at a discount . If we sub- 
tract 1 from both sides of (37) we have: 

A - 1 = -ajf(i - g) - «4f<g " 

How, let the excess of A over 1 be denoted by k; then, 

k * "afte - ±) ' 08 ) 

We* see thus that if k is positive, the security ie at a premium; 
and if k is negative it Is at a discount. Since a-j is always 
positive, it appears from (38) that the sign of k will be positive 
idien (g - i) is positive, i. e., when g is greater than i, — or the 
rate of dividend Is greater than the rate of interest used in 
valuation ; conversely, when g is Iobs than i, we shall have k 
negative. 

I*t us now use our results to find the value of the Hunts- 
ville, Ala/, security, on the hypothesis that the purchaser wishes 
to realize 4# on hie investment. Consider a dollar ^unit) of the 
loan C =' 40000. 

Here n = 30. g = .05. i = .04. x 

’ = 17.2920 X .01 a .17292 

I 
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or the premium Is slightly oxer 17</ on the dollar. Sine? for each 
dollar of the loan the purchaser must pay $1.17292, for the whole 
loan of $40000 he must pay 

40 000 k 1.17292 = 46916.80, 

Hence the hid on the total loan, in order to realize 4.b compound 
interest on the investment, Is *46,916.80. 

* 1. Find the bid when the rates to be realized are: 

(a) 4^, (h) (c) 3$, (d) 3^. 

A 

2. Purchase the Issue of the Financial & Commercial Chron- 
icle dated June 6, 1903, #1980, and turn to page 1263 and value 

I , * 

the Harro&sburg, Ky. , Bond proposal at 3^6. it is as Tollcws: 
*!£000 Bonds (coupon), due In 20 yrs, bearing interest ut 4$, pay- 
able January and July of each year, (You may assume that interest 
is payable annually in January of each year.) 
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MATHEMATICS OF ANNUITIES AND INSURANCE. 
LESSON VIII. 

VALUATION OP SECURITIES (Continued), 


In the preceding lesson it iras shown that (38) 

k = a-jjj (g - i) k 

where k is the premium paid for each unit of the loan to he 
redeemed after n years. 

In case the Interest is nominal, say ^n» and the dividend 

payments per unit of the loan to he redeemed are paid in m equal 

instalments ^ ^/aij during the year, it is evident that we have a 
<• 

case of n x m intervals with g/m as dividend and J/in as interest. 
Hence the above formula becomes, — 

k - 4^ l I 2 -^] <39> 

In particular, if interest is and dividend payment semi-annual 


-4# [^1 


(40) 


I We shall now pass to the more general case of the viiluation 
of a security where it is not redeemed in one sum, but in a serie 
I of payments. First consider the simpler case where the dividend/ 

| payments are annual and the rate of interest is the effective 

| 

rate !• 


Digitized by 


Google 


Original from 

UNIVERSITY OF MICHIGAN 



Digitized by 


Google ___ 


Original from 

- -UNIVERS1TYOF MIC^IGTW 



VIII. MATHEMATICS OF ANNUITIES AND INSURANCE. 50. 

/ 

Let C 7 , C 0 ... ..C K represent the auooosaive instalments "by which 

the principal la to he redeemed. 

the respective number of years after 
which the successive instalments 
become due. 

the present values, -at the valuation 
rate of Interest i, oT 
Ci due n^ years hence 
C 2 due n 2 « 

to 

C r due n r " " 

the fixed rate of dividend to be paid 
on the outstanding Investments. 

the present values, at the valuation 
rate 1, of the separate instalments 
with their respective dividends . 

. nr -> 

6 nj_ >°1 c 2 c r 

*■$ — — - H 1 ^ 

* n 2 ■> 

How, each payment may be regarded as a distinct problem under the 
head of the preceding lesson, so in order to value the total 
security we may regard it as made up of r different loans, and 
after finding the value of each one add them all together for the 
value of tlie total security, » 

Ve saw that in the. case of a single loan of , at valuation 
rate 1, dividend rate g, due in nj years, the present value A 1 , 
of the security is: 


4 , ' 


" n l> n 2 n r 


" K l- *2 K r 


g 


" A l> 
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= K X * (g/i)(Ci - Ki) 

Similarly Ag = Kg + (g/i)(C 2 - Kg) 

A 3 « % + (g/i)(C 3 - k 3 ) 
to 

A r ■ Ky..+ (e/*)(0 r ~ «r) 

Adding (Aj + Ag +....+ A r ) = (Kj + Kg +,...+ K r ) + 

(g/DfCOi + Cg c r ) - <K X + k 2 *,...+ k t )] 

But if we denote the total sum to be redeemed, i. e., 

Cj + Cg +.,,,+ 0 r , by C; the total present worth of Cj In nj years, 
Cg in n 2 years, eto,, 1. e. , K-i + Kg K r , by K; an! the 

total value of the security, the sum of the several pr.rta 
Ai + Ag +....+ A r by A; we hare; — 

A - K + (g/i) (C - K) (41) 

This may be put In another convenient form by a little algebraic 
transformation* Add and subtract C from right hand member of 
(41), and we have: — 

•A = C-C + K+ ( g/i ) ( C - K) 

putting (-C + K) in parentheses preceded by a negative sign, for 
(~C + K) = -(C - K): 

A = C - (C - K) + (g/i) (C - K) 

Bringing first term to left hand member: 

A - C * -{C - K) + (g/i) (C - K) 

Changing signs in both maabers: 

C - A = (C - K) - (g/i) (C - K) 

[Factoring second member: 

C - A = (C - K)(l - g/i) 
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Reduo I no; second factor to common denominator 1: 

C - A - (C - X) [i-£-S] 

Chang* n- signs of both members t 

a - c = (c - k) [ ft . r .. A j 

If, nov, re consider a unit of the total sum to be redeemed, then 
the ab^TTQ formula. gives, when C = 1, 

^ - 1 = (1 - K) i- I (42) 


where A ia the value of each unit of the sum to be redeemed, and 
K Is the present value of the various parts of the unit (at rate 
I), due In n^, n r years • Letting A - 1 = k, v/e have: 

k = (1 - K) [ S - T - 1 - j (43) 

Notice that k, the premium, is positive If 3 is greater than i, 
and negative (a discount) If g is less than i; for the first factor 
(1 - K) can not be negative, as K by definition is the p resent 
yg.lue of a series of future ucyments which sum to 1 , and hence 
their present discounted value must be less than 1 , This shows 
us that a security must be purchased at a premium , if it is valued 
at a rate i than the rate of dividend g; and at a discount , . 

if it is valued at a hiufoer rate i than the rate of dividend g. 

ILet vs now apply the general formula (43) to the case of a 

security redeemed by n equal annual instalment^. Coryt-lier a unit 

% 

of the total sum to be redeemed. Since this unit is to be redeemed 
in n equal payments over n years, the annual portion redeemed is 


1 /n. 


i/n 


l/n 


1/n 


& 


1 yr. 


2 yrs. 3 yr3. 
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Now, toe preaent value, K, of these n parents Is clearly the 

value of an annuity of 1/n annual rent. 

* v K - ' agj x 1/h - SL. 

Substituting this value of K in (43) , we have: 

k - t 1 - T] [H- 1 ] < 44 > 

•Example 1. — Find the value of toe following bonds at 5fZ $ 

4^, 4^, a | <£, 3?C, and Monterey School District, Itontsrey 

County, California, $20,000, Si gold refunding bonds , denomination 

$1000, dated August 1, 1901. Interest payable annually at Salinas 

City. Principal will mature one bond yearly on August. lot from 

1902 to 1921 inclusive. Financial Chronicle, Vol. 73, p. 150. 

These are called "serial" bonds. 

•Example 2. — These bonds were purchased by E. II. Rollins <Sc 

Sone, San Wanoieco, at 104.63, i. e., $1.0463 for each $1 of the 

bond. (Uhfondole, Vol, 73, p. 305. Find approximately toe rate 

of interest 1 at which E. H. Rollins & Sons made their valuation. 

•Example 3.— Rock Spring School District, Placer Co., Cal. 

Bond offering. -—Proposals will be received until 2 P. K, June 20th, 

tty H. E. Albee, County Treasurer, for $1800, 6^, 1-6 year 
* 

(serial) bonds. Denomination, $300. Certified check for 10 per 
oent required. Find value of Rock Spring Bonds, Chronicle of 
June 6, 1903, idien interest is assumed annual. Evaluate for 5^, 

3*. 

oOo * 
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IX. 


LESSON IX. 


Valuation of Securities (continued). 


Bond valuation, when the annual rate of dividend is g t payable 
In m instalments each equal to g/m., and the valuation ia at a nom- 
inal rate of interest j with frequency of oonvereion m. 

Let C be the amount to be redeemed after n years. 

Let g be the annual rate of dividend, payable in m 
instalments of g/m , per unit of the redemption 
fund C. 


Let j be t3ie nominal rate of interest, with frequency 
of conversion m, to be used in the valuation. 


Let A be the value of the security. 




1 jjear 


n years ale o 
A c re- 


Cg/m Cg/*a Cg/m Cg/m Cg/m Cg/m 

Referring to the figure, we see the security consists of: (a) a 
series of dividend payments of Cg/m each every mth part of a year 
for n years, plus (b) the final sum C to be redeemed at end of n 
years. The first part (a) may be considered as an immediate 
annuity-certain with payments at intervals of 1 /m. of a year, each^T 
of Cg/m. Since interest is at the rate 3/m per interval, we have 
here the preaent value of these payments equal to (Cg/n) x ajar 
at since there are run payments in the n years. 

But from. (24) we have, 


(Cg/m) x a£$f° = (Cg/m) 


1 - 

X J/ta ’ 


1^ ■""Original from 
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shore v is equal to Also since interest is compounded 

1 + 3/m 

every mth of a year, the present value of C, due in n years, is, 

C x v*®, r at i/a#>. Adding these two portions, we have the 

present value of the seourity, namely, 

A 3 (Cg/m) x 2 - ~ . 7"? + cv 11 ®. 

3/m 

/. A = Cv™ * <g/j)(C - Cv 3 * 1 ) (45) 

This formula may bo put In another form, as follows* Add and sub- 

\ 

tract C from the second member, 

A = C - C + Cv™ + <g/j)(C - Cv™ 1 ) 
and enclosing second and third terms in brackets preceded by a 
negative sign, we have, 

A * C - (C - Cv™ 1 ) + (g/J)(C - Cv™ 1 ) 

Now, in the last form the faotor (C - C*™ 1 ) occurs in the second 
and third tern® of the right hahd member. Factoring these terms 
we have; A = C + (a - Cv® 1 ) (-1 + g/j) 

= C + (C - Cv®)(g/j - 1) 

= C + (C -‘ Cv® n ) 

= C + C(1 - v*™) -^J 

- c + ' 3) * 

multiplying the denominator of the second factor by l/m t anil the 
denominator of the third factor by m, thus leaving the iwhole 


unchanged in value (since .1/m x a ~ 1) , we have, 


A = C + C 


n - v 1 

L i/m 


£---i 

m 


But the second factor, 1 - v™ equals hence substituting 

3/m ^ 

this value, 

. C' r-v Original from 
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A “ C + C X (46) 

If we set.C = 1, we shall hare the present value of 1 unit 
of the Bum to "be redeemed: 

A - 1 + (47) 

•• k = A “ 1 3 46 *$-^ 

a formula obtained before by other means. 


(48) 


Ve are now prepared to consider the more general problem of 
valuing a security of the following nature, vis»: 

(a) The security is redeemed in r equal instalments. 

(b) The first redemption payment is' made at the end of 

f years . 

(c) The remaining r - 1 redemption instalments are made 

at intervals of t years, 

(d) The annual rate of dividend g is paid in m equal 

instalments. 

(a) The security is valued at the nominal rate 
▼e first proceed to find the present value A of a security 
of the above type whose total redemption fund is 1, This known, 
the value of a similar security with total fund C is found by mul- 
tiplying the above mentioned value of A by C. Since the unit fund 
is redeemed in r equal instalments, each one will be 1/r. 

rth and 

1st pyt. 2d pyt 3d pyt last pyt. 

1/r . 1/r 1/r 


* 


Redemption payments 


X 


• • - . 
>U-t yrs-i 


- 0 - 


• *■ 

* 


f years 


> ! «-t yrs-M^-t yrs 

I « — (r - l)t years 


->i 

■-M 


■--- -f + t ( r - 1) years 

= total period of the loan. 

The following is an example of such a security: Baldwin Township 
School District Bonds, 160,000, 4 fo, coupons, interest semi-annual, 
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dated May 1, 1903, maturity $10,000 on May 1, 1908, 1913, 1918, 
1923, 1928, 1933, Commercial & Financial Chronicle, Vo 1. 76, 
p. 716. 


J 1/6 1/6 1/6 1/6 1/6 1/6 

i \ 1— , 1 1 —I + 

f = 5 yrs 1 t = 5 yrs . ! t = ' 5 yrs 1 t = 5 yrs 1 1 = 5 yrs 1 1 = 5 yrs 1 

| 4 (6 - 1)5 = 25 yre > \ 

| < 5 + 5(6 - 1) * 30 yrs > j 

= total period of the loan. 

This figure is for 1 unit of the above loan. Here f = 5, t = 5, 
r=6, g= .04, m = 2, G - 60,000. In this example f happens to 
equal t, but that, in general, will not be true of course. We are 

now going to prove that the formula for the value of k, the premium 

per unit of the total stun to be redeemed, is: 


k 


|"l - *jnt!f+tr;i ~~ a mfl j 


fg- 3 } 

rr\ 


at i/tft (49) 


that is,, the annuity present-values in this formula must be com- 
puted at the rate of interest j/m. The most common oase in prac- 
tice is where the dividends are paid semi-annually. Here m = 2, 
and formula (49) becomes: 


k = 


< 

! ^STf+trVl ~ 

f g - J 

ra 2tl 

L J 


at j/# 


(50) 




oGo 
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LESSON X. 

■ 

Valuation of Securities (continued) . 

Proof of {49) . — Referring to the figure at the bottom of 
page 56, we see that the total unit loan may be regarded as marie 
up of r loans each of 1/r. To find the present value of the total 
loan we need only to find the present values of these several 
partial loans and add them together. 

We have the following scheme: 


No. of 

Present 

Due or 

matures 

Amount maturing per 

loan 

value 

in yoare 

unit of total sum 
to be redeemed 

1 

Al 

ni = f 


Ci = 1/r 

2 

A 2 

n 2 = f 

+ t 

C a * 1/r 

3 

A 3 

n 3 * f 

&c. , 

+ 2t 

to 

C 3 = 1/r 

r 

A r 

n r = f 

+ (r - 

l)t C r = 1/r 


Hence, employing formula (45) for each, one of these loans, we here 
the present values as follows: 

Al =ivmf + (g/j)[i . | v^j 

A 2 = | + (g/j) jj - ^ v“< f+tJ ] all 

Ag = - T*n(f+2t) 4 (g/j) \- -- T m(f+2t)j at 

r u r r 

&c. t to j/n{£ 

A r = 7 + (g/j) [i * i w»( f+iCit >J 
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Adding left band column we have A, the present value of 1 unit of 
total sum to be redeemed. Adding the first column of right hand 
columns and noting the common factors 1/r and v®*" (since, by- 
algebra, *»<*+*♦> - v mf+mBt = v*nf r v®* 1 ) , we have, 

1/r v®* (1 + v®* t v 2 ®* + v 3 ®* + + T (r-l)mtj ( a ) 

The braaketed terms in the right hand mesfcer have the common faotor 
g/J, the first terms in the bracket add up to 1, while the second 
terms in the bracket are the same els those added above; hence we 
have: 


g/J [l - 1/r / (1 + v® 1 + v 2 ®* + v 3 ®* + + v < r - 1 > nrt ) 


(b) 


Mow, the portion in the bracket is a geometric series vdiose first 
term is 1, ratio v®**, number of terms r. j^By algebra v amt * 

(v®*)®, hence the bracket in (a) may be written: 

1 + ^ + (v®*) 3 + (v“*)3 + + <T»t)r-l 4 j 

Therefore, by our fonmila for summing a geometric series: 

1 - (v® t ) r 1 - v® tr , 

5um= 1 x ' l - vmf- = - * 

Adding parts (a) and (b) together, we have: 

A - I , T ” f + <s/J>[i - 1 **' 

1 1 - v® tr 

If, .for the moment'; we set — v™ ^ the preceding 


formula becomes: 

A = q +(g/J)(l - q) • Adding and subtracting 1, 

*s 

= 1 - 1 + <j + (g/J)(l - q) . Putting in parenthesis, 

= 1 - (1 - q) + (g/J)(l - q). Factoring out (1 - q) , 

= 1 + (1 - q) (-1 + g/J) 

= 1 + (1 - q) (g/j - 1) = 1 + (1 - q) (51) 
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Now, q may be simplified os follows, in whioh process both the 

numerator and denominator are divided by J/ta, which does not affect 

1 - r ratr 

the value of the fraction. The new numerator, ■ " T 'Z. 1 * " '» however, 

1 _ n J/® 

by the general formula a^j =» — j at is equal to at 

similarly with the new denominator; 

1 - T° tr 


yjnf 1 _ yBitr T mf 
q r~ l - V® T 


JM 


i - 


3M 


SnEE] at j 
* »SN] 


Hence we have, substituting bach in (51); 


(52) 


In particular, when the dividend is semi-annual m = 2, and (62) 
becomes: 


A 5 H 


1 _ f f . JSg fi ft [ g -J. 
r a 2b1 1 L J 


at j/2$ 


(53) 


The formulas for the premium of the loan are; 


■When m = m. 

k = 

r L _ ^ 

1 r ■mtt i 

M 

( 54 ) 

When m = 2. 

v = 

F i _ saaj 

Fs - 3] 

(55) 

it — 

L r -snj 

3 J 

where 


a mtr|> t ®mt|i 

are at j/nf£ 


and 

v* f , 

*&x\t a 2t( 1 

are at j/2^ 



Here the first payment matures in f years , the interval 
between equal payments is t years, the number of equal payments 
is r, and the total period of the loan isf+(r-l)t* 
f - t + tr years. It will be noticed that formulas (54) and (55) 
involve the use of the v n and ajj tables, thus requiring us to 
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I 

look up two different places in a set of interest tables. In 
extensive tables it would be more convenient to express the 
solution in terms of a single tabular function. To this end we 
proceed to express the solution in terms of the agi function. 
Returning to the value of q on p. 60, we have: 

yjnf I _ yjntr _ ^mf ^mtr, 


Q = 


r 1 - 

1 T inf _ ^mf+mtr 
r 


r(l - y*&) 

1 yffif _ vm(f+tr) 
r 


l - v m * r 1 - v mt 

By adding and subtracting 1 in the numerator, 
1 1 - vm(f+tr) _ i +. ymf 


r 1 - 

1 (i y*n(f4tr) } . (i - yaf) 

7 (1 - T® 1 *) 


Enclosing in brackets, 


Dividing both, numerator and denominator by j /m.: 

.J 


l _ T m(f+tr) 

1 - ymf 1 

« 3M __ 

JA 1 , 


1 - V 3 * 1 



. ifa - 



_ ^(T+irTl ~ a irn 
r amti 


all at 


Substituting this value of a back in formula (51)., we have: 

at i/nfi (56) 


A = 1 + r x _ gmsiH-L-sgil [ s - j 
L ra mt] J L J 


This gives for the premium k = A *- 1, the formula given at the 
outset of the discussion, nejr.ely (49); and, in particular, itien 
m * 2, we have the formula (50). The formulas (49) and (50), it 
will be noticed, involve onl y the tabular function a^! , and all 
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at the rates i/m and J/2 respectively. 

Having developed the formulas, we now turn to an application 
•of the same to a few problems. Turning to the Baldwin Township * 
Bonds, page 56, we have: f=5, t = 5, r=6, g * .04, m * 2, 

C = 60000. Henoe, m(f + tr) - 2(5 + 5x6) = 70; mf = 2 x 5 = 10; 
mt = 2 x 5 = 10, Substitt iing in (50) we have: 


k = 



a 7H I . . - «l flQ f .04 - J 

6 * *161 JL J 


at 1/SjC. 


Let us first value the security at 3^; here J = .03, and the 
second factor in the above formula becomes: 


.04 - .03 _ jn _ 1 
,03 " .03 " £ 

By Bpitzer’s Table, when i/2 = l|^: 


a 7ol 

= 

43.15487183 

(a) 

a io| 

- 

9.22218455 

0>> 

a 70j “ a 10i 

- 

33.93268728 

(c) 

Divide this by 6 

s 

5.65544788 

(d) 

Divide (d) by (b) 

- 

.61324384 

(e) 

of (e) = 1 - (e) 

* 

.38575616 

(f) 

(f) x 1/3 ='k 

5 

| . 12891872 

Cs) 

1 + (g)] X C = A 

= 

67 j 735.123 


Hence, A 

= 

$67,735.12 



first facte 


Here the method of confutation 1b indicated in full detail. While 
Spitzer's Table gives the value of the functions to eight 
places, it will be found in practice that ordinarily from four to 
six places of decimals is sufficient. The 7-and 8-place tables 
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are only needed when the value of the security Is demanded to the 
nearest cent or mill. 

•Example. — Find the value of this security in order to realize 

1X3 1 

the following nominal rates of Interest: = 3^, 3^, 3^, 4, 4 -^L. 

The following functions are given from Spitzer’s Table to aid in 
the solution, viz: 


Functions from Spit 

zer’s Tables 

Summary of Final 

Results 

i 

a 70l 

a 10 1 

J % 

k 

A 

A 

43.15467183 

9.22218455 

.0300 

.12331672 

$67,735,123 

A 

41.62679858 

9.16140980 

.0325 

.09447265 

65,668.359 

A 

40.17790267 

9.10122291 

.0350 

.06155807 

1 6 y 

63,963.484 

A 

38.80334700 

9.04161693 

.0375 

,03009291 

61,805.575 

2 

37.49861929 

8.98258501 

.0400 

' .00000000 

60,000.000 

ai 

8 

36.25950881 

8.92412083 

.0425 

-.02879323 

58,272.406 


•Example. — Biamark Bond offering. Commercial & Financial 


Chronicle, Vol. 73, p. 250. Viz.: $60,000 Bonds , dated Sept. 1, 
1901, 4^£, semi-annual, maturing as follows: $20,000 each on 
Sept. 1, 1911; Sept. 1, 1916; Sept. 1, 1921. Value for 3^, 4#, 


•Example.— Fort lee Special School Bonds, Chronicle Vol. 76, 
p. 1262. Viz.: $18,000, 4^?, dated July 1, 1903, interest semi- 
annually, matures $1000 yearly on July 1st from 1908 to 1925 
inclusive. Value for ~ 4/». 

Example. — Celina, Ohio. Bond Offering. Proposals will be 
received until 12 M. , Jtily 30, by Chas..R. Rohrer, Village Clerk, 
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for $25000, 4 f* highway improvement bonds. Denomination $500, 
dated June 20th, 1901. Interest, semi-annual. Principal will 
mature $2500 yearly on June 20, from 1923 to 1932 inclusive. 

Accrued interest ia to be paid by the purchaser. 

Comm, and Pin. Chronicle, Vol. 73, p. 200. 

Evaluate this security at the following nominal rates of interest: 

J(a> - ®|*. af*. 

Example. — Celina, Ohie. Bend Sale. ®n July 30, the $25000, 

4$ highway improvement bonds were awarded to W. B. Todd end Co. , 
ef Cincinnati, at 104.20 and accrued interest, an interest basis 
ef aboutf 3,75$. Chronicle, Vol. 73, p. 304. This example suggests 
the following general problem: having given the bid, or premium., 
^c-pn a security, to find the rate of interest the bidder is realiz- 
ing on the purchase if his offer is accepted. The following sug- 
gestions are made to the student for obtaining an approximate 
solution. Compute the value of the security at two rates of inter- 
est in the neighborhood of the rate of interest realized by the 
purchaser and then by single proportion the required approximate 
value can be determined. 

Example, --The Bismarck Bond offering above made was taken by 
H. W. Harris and Co., of Chicago, at 1.0418 on the dollar; show 
that this bid corresponds to an Interest basis of about 4,123$, 

Example, — Baltimore, lid. Bond Offering. Proposals will be 
received until 12 II., Dec. 23, by David Ambach, President of the 
Commissioners of Pinanee, for $1,000,000, "Western Maryland 

Railroad 1952 Refunding Loan." Interest on these bonds will be 
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payable January 1 and July 1. Bonds are dated January 1, 1902, 

The city does not tax its own bonds and will pay the tax imposed 

on this issue by the State of Maryland. Chronicle* Vol. 73* p. 

1226. Evaluate at 3^ and 3^. 

4 

Example, — Baltimore, Md. Bond Sale. On Dec. 23, the 
$1,000,000, 3^, "Western Railroad Refunding Loan" was awarded, 
jointly to Hambleton & Co., Baltimore, and Dick Bros. & Co., and 
Kountze Bros, of Mew York City at 112.425. Show that this cor- 
responds to an interest basis of about 3.017^. i- <• j. tnq 

Exanqcle, — Baldwin Township School District Bonds. $60,000, 
coupon, Interest s eml-annual . Date May 1, 1903, maturity 
$10,000' on May 1, 1908, 1913, 19 IB, 1923, 1928, 1933. Chronicle, 
Vol. 76, p. 716. Evaluate at J f2 ) = ¥, 3^, 3^ , 3^, 4^, 

Example. — Saginaw, Michigan. Bond Offering. $10,000. 

Interest semi-annual, 3^. Date 1903, matures 1923. Chronicle, 
March, 1903. Evaluate at 3$, Atfa t 5 $. 

Example. — Mansfield, Ohio. Bond Offering. $40,000. Interest 
semi-annual, 4^, payable March 15 and September 15. Matures $4000 
annually, 1905 to 1914 inclusive. Date September 15, 1903. 
Chronicle, Maroh, 1903. 

Evaluate at 3*£ and 5'(. 
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I E S S 0 N XI. 


Life Annuities and Insurance . 

In developing the theory of life contingencies it is neoea- ' 
sary first to call the attention of the student to the Mortality 
Table at the base of all the results eventually obtained. A Mor- 
tality Table may be said to be given ■when out of a group of per- 


sons born tho number of survivors after one, two, three, eto., 


years are 

given. 

For example, 

the H 121 (healthy sales) British 

Table runs 

as follows : * 


x = age 

X x = 

number living 
at age x. 


0 


127233 


1 


112925 


Z 


108963 




_ _ 

For parts omitted, see 

10 


100000 


- 


- - 

"Short Collection of 

50 


72795 

Acturial Tables," or the 



__ _ 

"Institute of Actuaries' 

75 


25602 


- 


- - 

Text Booh, Part II." 

90 


1273 

- 

IOC 


4 


101 


1 


102 


0 



The Mortality Tables In use in this country by legal reserve life 
insurance companies are: (a) the American Experience, tabulated 

ft the end of thlp lesson, and (b) The Combined Experience or 
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XI. MATHEMATICS OP ANNUITIES AND INSURANCE. 67. ' 

• 

Actuaries' . Both of these Tables, with very extensive derived or 
auxiliary Tables , are given in "The Principles and Practice of 
life Insurance," by Nathan Willey, published by the Spectator 
Company, New York City. It is not our purpose in this oourse to 
show how Mortality Tables are derived, but rather to show how the 
actuarial theory is developed after the fundamental Mortality 
Table is assumed. Suffioe to say that the derivation of Tables 
of human mortality from vital statistics, such as the experience 
of insurance companies, census returns, etc., constitutes in itself 
an extensive and difficult mathematical theory. 

There are various useful "derived oolumna" (i. e, , oolunns 
which can he obtained by computation from the ^ column) which 
usually appear in the Mortality, or life, Table. For example: 


— 

X 

hi 

r- — ■ ■--- 

d x 

Px 

<3x 


X 

25 

93,044 

658 

.99,293 

.00707 

38.382 

25 

26 

92,386 

664 

.99,280 

.00720 

37.652 

26 

27 

91,722 

673 

,99,268 

.00732 

36.921 

27 

28 

91,049 

678 

.99,254 

.00746 

36.189 

28 

29 

90,371 

686 

.99,241 

.00759 

35.458 

29 


We have here a section of the IP 1 (graduated) Table, giving five 
functions, l x , d x , p x , q^, and e^. All those after l x can be 
derived from l x . The symbol d x represents the number among the 
survivors 1* t&io die before attaining the age x + 1. Hence, 

dx = lx “ lx+l» (57) 

For example, 


d 25 = X 25 “ hi = 93044 ' 92386 = 658 
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II. MATHEMATICS OS’ ANNUITIES AND INSURANCE . 68. 

That 1 b , out of 9 SC 44 persons reach the age of 25 the Table 
showH that 653 fail to reach the age of ?.6. The symbol p x Is the 
ratio of those attaining age x + 1 to those attaining age x, hence, 

(58) 


Px 

For example. 


= 2*±1 
lx 


'25 


12L 

J Z5 


9238S 

93044 


= .99293. 


It is, therefore, the "rate of survival, " or the "probability of 
living." The latter term is derived from the consideration that 
out of l x persons starting out at age x with equal chances, l^+i 
persons actually reach the age x + 1, or survive one year. Hence 
any individual may consider that he has l^+i ohanees out of for 
living one year. Now, the ratio of the favorable events or cases 
(living) to the total events (living and dying) is defined as the 
"probability of living": 

Probability of * 

living one year] plua number dylns ln year 
Transposing (57) we have, 
lx ** 1»H + djc 


Number surviving one year 
Number "surviving one year 


lx+1 

!x 


Hence, 


P-r = 


_ lx+1 


lx+1 


J X ] -X+l + d X 

which agrees with the preceding verbal formula. The symbol ^ 


represents the ratio of those dying in the age x to those who 
start out at age x. 

Hence, q* = = - — :* (59) 


n_ = d X - d X ~ d X+l - 

lx lx 


lx+1 + d : 
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MATHEMATICS OP ANNUITIES ABC XHStmAHCE. 


60. 


XI. 

Tor example, 

^ - ran * •° 0707 - 

It la evident that from the definition is the "svorago death 
rate" for the age x. It is also said to be the "probability of 
dying 1 * during the year of age x. Out of l x persona of age x, 
starting out at age x with equal chances, d x persons fail to reach 
the age x + 1, or die within one year. Hence, any individual may 
consider that he has 4 X chances out of l x for dying within one 
year. Now, the ratio of the number of oases in which the event 
happens (death in oases) to the total number of caaes (living 
and dying = 1^2 + d x * l x ) la defined as the "probability of 


dying." Thus; 

Probability of dying 1 dumber dying in year 
in one yearj 


Number surviving one year 
plus number dying in year 


It will be eeen that 


Px + *x 0 
P + q = 2s±i + i . ittiJLSx 

P * ^ 1, It It 


Is 


for , 

■ 1. 


*2C 


Px = 1 ~ Q* 


and 


Qx = 1 “ Px 


(It would be advantageous for the student at this point to 
read a few pages in any college algebra on the “Elements of the 
Theory of Probability." Wentworth's College Algebra (revised), 
Chap. XXIII, p. 876, Chrystal's Algebra, Part II., Chap. XXXVI, 
p. 538, are suggested, and will be found in almost any good refer- 
ence library.) ’ • > ‘- 1 •*-- • A 

I ^ j. Original frorr 
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XI. MATHEMATICS OT ANNUITIES AHD E3SURAHCE. 70. 

Our first problem Tri.ll be to find the value of a purd endow- 
ment of 1 issued to a person aged x, and due in n years. The 
symbol for this benefit is n^T* Here E refers to the pure endow- 
ment, x to the age of the person on whose life the contingent 
benefit depends, n the number of years elapsing before the endow- 
ment matures . 



Suppose a company should undertake to sell a pure endowment, of 
one unit to eaoh of lx persona, the endowment tq mature in n 
years: what ought each individual to pay the company for the endow- 
ment nEx? By the Mortality Table there will be living after n 
years 1*^ persons of the original l x who took endowments. Hence, 
the payment to eaoh individual then living being 1, the total pay- 
ment which must be provided for is lxf n units^ Therefore the 

company must have in hand at the present moment a sum which at the 
assumed rate of interest i will accumulate to l^n* ^h® present 
value of lx+n due in n years is v n lx+n» Since each of the lx 
individuals must contribute equally to this fund, we have: 

riE x = — £60) 

If we multiply both numerator and denominator by v*, we have, 



If we then let 


) 
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MATHEMATICS OF ANNUITIES AND INSURANCE. 


71. 


XI. 


V* lx 

- *>x 



v * +1 Ixfl 

= Ex+l 



V* +T1 lx + n 

= Px+n 

it follows that 


n E x 

_ Dx+n 

Dx 


(61) 


The symbol = v^l-^ Is called a "commutatien symbol," and may be 
computed once for all for any glren Mortality Table and rate of 
interest. It Is given for the American Experience Mortality Table 
at 3fl£ on p. 76. 

Problem . — What ie the value of a pure endowment of $5000 due 
In 20 years, Issued, to a person aged 35 years? 

Here n • 20 , x = 35, x + n = 56, assumed 1 = 

Using American Experience table, p. 76, we have. 


soEs5 "alS 


HI 0 '*?* - .43639. 

8907.819 


This is the value of a similar endowment of 1; hence the value of 
an endowment of 5000 would be 5000 x .43689 * 8184.45. The 
value of the benefit, therefore, is $2184.45. The problem may 
also be worked by formula (60), using only the l x and v 11 Tables; 
this ie left as an exercise for the student. 

We next turn our attention to the evaluation of the ordinary 
iamediate life annuity, the symbol used for this is ftx. It 
denotes the present value of an immediate annuity, with annual 
rent of 1, issued to a person aged x, and to continue throughout 
life. The status here is "the life of the annuitant," 
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XT. MATHEMATICS OP ANNUITIES A3D IHSURAHCS. 

We now introduce another commutation symbol, N x . 

let 5Tx = Dx+1 + Dx +2 + Dx +3 + ... to end of table. 
Whence the simple formula, 


ax 



oOo — — 
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XU. AMERICAN EXPEREEUCE TABLE OP MORTALITY. 74. 


Age 

= X 

Humber 

living 

= X x 

Umber 

dying 

= 

Death 

— 

Expecta- 
tion of 

life =e x 

9 

10 

100,000 

749 

•007490 

48.72 

10 

11 

99,251 

746 

.007516 

48.09 

11 

13 

98,505 

j 743 

.007543 

47.45 

12 

13 

97,762 

740 

.007569 

46.80 

13 

14 

97,022 

737 

.007596 

46.16 

14 

15 

96,285 

735 

.007634 

45.51 

15 

16 

95,550 

732 

.0C7661 

44.85 

16 

17 

94,818 

729 

.007688 

44.19 

17 

18 

94,089 

727 

.007727 

43.53 

18 

19 

93,362 

725 

.007765 

42.87 

19 

30 

92,637 

723 

.007805 

42.20 

20 

31 

91,914 

722 

.007855 

41.53 

21 

22 

91,192 

721 

.007906 

40.85 

22 

23 

90,471 

720 

.007958 

40.17 

23 

24 

89,751 

719 

.008011 

39.49 

24 

25 

89,032 

718' 

.008065 

38.81 

25 

26 

88,314 

718 1 

.008130 

38.12 

26 

27 

87,596 

718* 

.008197 

37.43 

27 

28 

86,878 

718>! 

.008264 

36.73 

28 

29 

86,160 

719 

.008345 

36.03 

29 

30 

85,441 

720 

.C08427 

35.33 

30 

31 

84,721 

721 

.008510 

34.63 

31 

38 

84,000 

723 

.008607 

33.92 

32 

33 

83,277 

726 

.008718 

33.21 

33 

34 

82,551 

729 

.008831 

32.50 

34 

35 

81,822 

732 

.008946 

31.78 

35 

i 36 

81,090 

737 

.009089 

31.07 

36 

37 

80,353 

742 

.0092 :A 

30.35 

37 

38 

79 , 611 

749 

.009408 

29.63 

38 

39 

78 , 862 

756 

.009586 

28.90 

39 

40 

78,106 

765 

.009794 

28.18 

40 

41 

77,341 

774 

.010008 

27.45 

41 

42 

76,567 

785 

.010252 

26.72 

42 

43 

75,782 

797 

.010517 

25.99 

43 

44 

74,985 

812 

.010829 

■ 25.27 

44 

45 

74,173 

828 

.011163 

24.54 

45 

46 

73,345 

843 

.011562 

23.81 

46 

47 

72,497 

870 

.012000 

23.08 

47 

48 

71,627 

896 

.012509 

22.35 

48 

49 

70,731 

927 

.013106 

21.63 

49 

50 

69,804 

962 

.013781 

20.91 

50 

51 

63,842 

• 1,001 

.014541 

20.20 

51 

52 

67,841 

1,044 

.015389 

19.49 

52 

53 

65,797 

1,091 

.016333 

18.79 

53 

54 

65,706 

- 

1,143 

.017396 

18,09 



54 
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75 


X 

*x 


r d x 


55 

64,563 

1,199 

.013571 


56 

63,364 

1,260 

.019885 


57 

62 , 104 

1,325 

. 021335^ -0 

a 

58 

60,779 

1,394 

. 0229361 5\\1 

4 

59 

59,385 

1,468 

.024720 it. „ 

i 

60 

57,917 

1,546 

.026693 


61 

56,371 

1,628 

.028880 


62 

54,743 

1,713 

.031292 


63 

53,030 

1,800 

.033943 


64 

51,230 

1,889 

.036373 


65 

49,341 

1,980 

.040129 


66 

47,361 

2,070 

.043707 


67 

45,291 

2,158 

.047647 


68 

43,133 

2,243 

' .052002 


69 

40,890 

2,321 

.056762 


70 

38,569 

2,391 

,061993 


71 

36,178 

2,448 

.067665 


72 

33,730 

2,487 

.073733 


73 

31,243 

2,505 

.080178 


74 

28,738 

2,501 

.087028 


75 

26,237 

2,476 

. 094371 


76 

23,761 

2,431 

.102311 


77 

21,330 

2,369 

. 111064 


78 

18,961 

2,291 

.120827 1 


79 

16,670 

2,196 

.131734 

1 


80 

14,474 

2,091 

.144466 


81 | 

12,383 

1,964 

.158605 


82 

10,419 

1,816 

.174297 


83 

8,603 

1,648 

.191561 


84 

6,955 

1,470 

. 211359 


85 

5,485 

1,292 

. 235550 


86 

4,193 

1,114 

.265681 


87 

3,079 

933 

.303020 


88 

2,146 

744 

.346692 


89 

1,402 

555 

.395863 


90 

847 

385 

.454545 


91 

462 

246 

.532468 


92 

216 

137 

.634259 


93 

79 

58 

. .734177 


94 

21 

18 

.857143 

[ 

i 

1 

L. 

95 

3 

3 

1.000000 


£ 


17.40 

55 

16.72 

56 

16.05 

57 

15.39 

58 

14.74 

59 

14.10 

6C 

13.47 

61 

12.86 

62 

12.26 

63 

11.67 

64 

11.10 

65 

10.54 

66 

10.00 

67 

9.47 

68 

8.97 

69 

8,48 

70 

8.00 

71 

7.55 

72 

7.11 

73 

6.68 

74 

6.27 

75 

5.88 

76 

5.49 

77 

5.11 

78 

4.75 

79 

4.39 

80 

4.05 

81 

3.71 

32 

3.39 

83 

3.08 

84 

2.77 

85 

2.47 

86 

2.18 

87 

1.91 

88 

1.66 

89 

1.42 

90 

1.19 

91 

.93 

92 

.80 

93 

.64 

94 

.50 

95 

» 
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XII. COMMUTATION COLUMNS, AT 3^, 76. 


Age 


N x 


Age 


7440.940 

181134.595 

2165.17505 



7170.105 

173693 .ear 

2111.06569 



6908.945 

16652a»50 

2058.74274 



6657.116 

159 6 1*1605 

2008.14806 


14 

6414.297 

152957.489 

1959.22534 

14 

15 

6180.169 

146543.192 

1911.92010 

15 

16 

5954.361 

140363.023 

1866.11733 

16 

17 

5736*645 

134408.662 

1821.83013 

17 

18 

5526.738 

128672.017 

1779.00906 

18 

19 

5324.305 

123145.279 

1737.54926 

19 

20 

5129.087 

117820.974 

1697.40776 

20 

21 

4940.831 

112691.887 

1658.54295 

21 

22 

4759.242 

107751. C56 

1620.85231 

22 

23 

4584.091 

102991.814 

1584.32983 

23 

24 

4415.156 

98407.723 

1548.91060 

t 

24 

25 

4252.218 

93992.567 

1514.57076 

25 

26 

4095.075 

89 7 40. 349 

1481.27748 

26 

27 

3943.477 

85645.274 

1448.95391 

27 

28 

3797.236 

81701.797 

1417.57180 

28 

29 

3656.169 

77904.561 

1387.10373 

29 

30 

3520.056 

74243.392 

1357.48188 

30 

31 

3388.732 

70728.336 

1328.68280 

31 

32 

3262.032 

67339.604 

1300.68369 

32 

33 

3139.761 

64077.572 

1273.42469 

33 

34 

3021.738 

60937.811 

1246.84983 

34 

35 

2907'. 819 

57916.073 

1220.94238 

35 

36 

2797.868 

55008.254 

1195.68600 

36 

37 

2691.688 

52210.386 

1170.99775 

37 

38 

2589.158 

49518.698 

1146.86597 

38 

39 

2490.096 

46929.540 

1123.21603 

39 

40 

2394.393 

44439.444 

1100.04033 

40 

41 

2301.885 

42045.051 

1077.27179 

41 

42 

2212.475 

39743.166 

1054.90634 

42 

43 

2126.011 

37530.691 

1032.88371 

43 

44 

2042.380 

35404.680 

1011.17568 

44 

45 

1961.420 

33362.300 

989.70326 

45 

46 

1883.034 

31400.880 

968.44548 

46 

47 

1807.051 

29517.846 

947. 30S33 

47 

48 

1733.365 

27710.795 

926.25443 

48 

49 

1661.827 

25977.430 

9 06. 20 288 

49 
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XII. C O'DJUTAT I ON COLUMNS, AT &t. 77 


Age 


N x 

“x 

Ago 

50 

1592.279 

24315.603 

B64. 05736 

50 

51 

1524.597 

22723.324 

i 862.75260 

51 

52 

1458.668 

21198.727 

841. 22981 

52 

53 

1394.389 

19740.059 

819.43628 

53 

54 

1331.665 

18345.670 

797.32496 

54 

55 

1270.388 

17014.005 

774.83447 

55 

56 

1210.481 

15743.617 

751.92924 

56 

57 

1151.855 

14533.136 

728.55978 

57 

56 

1094.447 

13381.281 

704.70052 

58 

59 

1038.199 

12286.834 

680.32990 

59 

60 

983.0434 

11248.6346 

655.41308 

60 

61 

928.9342 

10265.5912 

629.93663 

61 

62 

875.8318 

9336.6670 

603.89030 

62 

63 

823.7142 

8460.8252 

577.28229 

63 

64 

772.6777 

7637.1110 

550.13727 

64 

65 

722.4177 

6864.5333 

522.47951 

65 

66 

673.2309 

6142.1156 

494.33436 

66 

67 

625.0544 

5466.8647 

465.76658 

67 

68 

577.9344 

4843.8303 

436.85178 

68 

69 

531.9228 

4265.8959 

407.67343 

69 

70 

487.1163 

3733.9731 

378.35982 

70 

71 

443.6104 

3246.8568 

349.04166 

71 

72 

401.5468 

2803.2464 

319.89886 

72 

73 

361.1066 

2401.6996 

291.16412 

73 

74 

322.4793 

2040.5931 

263.04462 

74 

75 

285.8396 

1718.1138 

235.79742 

75 

76 

251.3250 

1432.2742 

209.60826 

76 

77 

219.0406 

1180.9492 

184.64400 

77 

78 

189.0427 

961.9086 

161.02499 

73 

79 

161,3596 

772.8669 

138.84893 

79 

80 

136.0225 

611.5073 

118.21156 

80 

81 

112,9824 

475.4648 

99.133301 

31 

82 

92.29402 

362.50242 

81.735711 

82 

83 

73.98783 

270.20840 

66.117681 

83 

84 

58.07247 

196.22057 

52.357301 

84 

85 

44.46441 

138 . 14810 

40.440681 

' 85 

86 

33,00074 

93.68369 

30.272081 

86 

87 

23.52725 

60.68295 

21.759785 

87 

88 

15.92040 

37.15570 

14.838195 

88 

89 

10.09799 

21.23530 

9.479489 

89 

90 

5.922884 

11.137306 

5.598496 

90 

91 

3.136567 

5.214422 

2.984691 

91 

92 

1.423735 

2.077855 

1.363215 

92 

93 

.5055512 

.6541202 

.4864994 

93 

94 

.1304729 

.1485690 

.1261457 

94 

95 

.0180961 

.0180961 

t 

.0175690 

95 
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XII. LOGARITHMS, COMMUTATION COLUMNS , AT si. 76 


AgB 

Dx 

N, 


Age 

mm 

3.8716278 

5.2580014 

3.3354931 


mSm 

.8555255 

.2397840 

.3245018 

■n 

SE® 

.8394117 

.2214755 

.3136021 

Bfli 


.8232862 

.2030726 

.3027956 


14 

.8071491 

.1845708 

.2920843 

14 

15 

.7910003 

.1659657 

.2814697 

15 

16 

.7748352 

.1472527 

.2709388 

16 

17 

.7586580 

.1284274 

•2605078 

17 

13 

.7424689 

.1094841 

.2501781 

18 

19 

..7262629 

.0904179 

.2399370 

19 

20 

. 7100401 

.0712227 

.2297862 

20 

21 

.6938000 

.0518928 

.2197268 

21 

22 

.6775378 

.0324217 

.2097460 

22 

23 

.6612533 

.0128027 

.1998456 

23 

24 

. 6449460 

4.9930292 

.1900265 

24 

25 

.6286155 

.9730935 

.1802897 

25 

26 

.6122618 

.9529877 

.1706363 

26 

27 

.5958793 

.9227034 

.1610546 

27 

1 28 

.5794676 

.9122316 

.1515451 

28 

29 

.5630262 

.8915629 

.1421090 

29 

30 

.5465496 

.8706870 

.1327340 

30 

31 

.5300372 

.8495934 

.1234214 

31 

32 

.5134332 

.8282705 

.1141717 

32 

33 

.4968967 

.8067061 

.1049733 

33 

34 

.4802567 

.7848869 

.0958143 

34 

35 

.4635573 

.7627991 

.0866951 

35 

36 

.4463273 

.7404273 

.0776171 

36 

37 

.4300248 

.7177569 

.0685562 

37 

38 

.4131586 

.6947693 

.0595127 

33 

39 

.3962161 

.6714464 

.0504633 

39 

40 

.3791955 

.6477686 

.0414085 

40 

41 

.3620836 

.6237149 

.0323253 

41 

42 

.3448782 

.5992625 

.0232138 

42 

43 

.3275655 

.5743866 

.0140516 

43 

44 

.3101366 

.5490607 

.0048267 

44 

45 

.2925707 

.5232560 

2.9955050 

45 

46 

.2749582 

.4969417 

.9860752 

46 

47 

.2569705 

.4700847 

.9764913 

47 

48 

.2388901 

.4426489 

.9667303 

48 

49 

.2205858 

.4145962 

..... 

.9567459 

49 
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N* 


3.2020191 

4.3858850 

2.9464804 

.1831551 

.3564718 

.9358863 

.1639566 

. 3263099 

.9249147 

. 1443841 

.2953484 

.9135153 

.1243949 

.2635336 

.9016354 

.1039364 

.2308064 

.8892089 

.0029581 

.1971046 

.3761769 

.0613978 

.1523595 

.8624653 

.0391946 

.1264977 

.3480046 

.0162806 

.0894400 

.8327196 

2.9925727 

.0510997 

.8165152 

.9679850 

.0113840 

.7992968 

.9424207 

3.9701915 

. 7809580 

.9157765 

.9274127 

.7613882 

.8879421 

.8829292 

.7404710 

.0507683 

.0366110 

.7100696 

.8281641 

.7883180 

.6940208 

.7959179 

.7378987 

.6681684 

.7618785 

.6801889 

.6403341 

.7258486 

.6300103 

.6103124 

.6876327 

.5721712 

.5779050 

.6470017 

.5114631 

.5428773 

.6037362 

.4476612 

.5050128 

.5576353 

.3805188 

.4641230 

.5085019 

.3097564 

.4200294 

.4561224 

. 2350519 

.3725390 

.4002357 

.1560261 

.3214085 

.3405246 

.0722.312 

.2663352 

.2765577 

2.9831338 

.2068933 

.2077949 

.3881047 

.1425424 

.1333107 

.7864017 

.0726601 

.0530107 

.6771366 

1.9962195 

1.9651736 

.5593109 

.9124119 

.8691603 

.4316988 

.8203176 

.7639703 

.2927446 

.7135773 

.6480125 

.1403449 

. 6060184 

.5185236 

1.9716640 

.4810422 

.3715712 

.7830668 

.3376545 

.2019540 

.5700255 

. 1713809 

.0042350 

.3270585 

0.9767849 

0.7725332 

.0467803 

.7480714 

.4964546 

0.7172062 

.4748994 

.1534292 

.3176153 

.1345644 

1.7037652 

1,3156575 

1.6870823 

.1155202 

.1719282 

.1008724 

2.2575850 

2.2575850, 

2. 2447477 
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Age 

c x 


S: x 

Age 

10 

54.10936 

73421.60266 

3698145.914 

wm 

11 

52.32295 

71256.42761 

3517011.319 

kS 

18 

50.09468 

69145.36192 

S343317.664 


13 

48.92272 

67086.61918 

3176794.114 


14 

47.30524 

65078.47112 

3017179.509 

14 

15 

45.80277 

63119.24578 

2864222.020 

15 

16 

44.28720 

61207.32568 

2717678.828 

16 

17 

42.82107 

59341.20835 

2577315.605 

17 

18 

41.45980 

57519.37822 

2442907.143 

18 

19 

40.14150 

55 /40. 369 16 

2314235.126 

19 

20 

38.86481 

54002.81990 

2191089.647 

20 

21 

37.68064 

52305.41214 

2073268.873 

21 

22 

36.53248 

50646.86919 

1960576,986 

22 

23 

35 .41923 

49026.00688 

1852825.930 

23 

24 

34.33984 

47441.67705 

1749634.116 

24 

25 

33.29328 

45802.76645 

1661426.393 

25 

26 

32.32357 

44378.19569 

1557433.826 

26 

27 

31.38211 

42896.91821 

1467693.477 

27 

28 

30.46807 

41447.96430 

1382048.203 

28 

29 

29.62185 

40030,39250 

1300346.405 

29 

30 

28 .79908 

38643.28877 

1222441.845 

30 

31 

27.99911 

37285.80689 

1148193.453 

31 

32 

27.25900 

35957.12409 

1077465.117 

32 

33 

26.57486 

34656.44040 

1010125.513 

33 

34 

25.90745 

33383.01571 

946047.941 

34 

35 

25 .25638 

32136.16588 

885110.130 

35 

36 

24.68825 

' 30915.22350 

827194.057 

36 

37 

24.13178 

29719,53750 

772185.803 

37 

38 

23.64994 

28548.53975 

719975.417 

38 

39 

23.17570 

27401.67378 

670456.719 

39 

40 

22.76854 

26278.45775 

623527.179 

40 

41 

22.36545 

25178,41742 

579087.735 

41 

42 

1 22.02263 

24101,14563 

637042,684 

42 ! 

43 

21.70803 

23046.23929 

497299.518 

43 

44 

21.47242 

22013.35558 

459768.827 

44 

45 

21.25778 

21002.17990 

484364.147 

45 

46 

21.13715 

20012. 47664 

391001.847 

46 

47 

21.05390 

19044.03116 

359600.967 

47 

48 

21.05155 

18096,72283 

330083,121 

48 

49 

21.14552 



17170.46840 

■ 302372.326 

49 
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Age 



* X 

AgS 

50 

21.30476 

16265.26552 

276394.896 

50 

51 

21.52279 

15381.20816 

263079.293 

51 

52 

21.79353 

14518.45556 

229355.969 

52 

53 

22.11132 

13677.22575 

208157.242 

53 

54 

22,49049 

12857.78947 

188417.183 

54 

55 

22.90523 

12060.46451 

170071.513 

55 

56 

23.36946 

11285.63004 

133057.508 

56 

57 

23.85926 

10533.70030 

137313.891 

57 

58 

24.37062 

9805.14102 

122780.755 

58 

59 

24.91682 

9100.44050 

109399.474 

59 

60 

25.47645 

8420.11060 

97112.6401 

60 

61 

26.04633 

7764.69752 

85864.0055 

61 

62 

26.60801 

7134.76089 

75593.4143 

62 

63 

27.14502 

6530 . 87059 

66261.7573 

63 

64 

27.65746 

5953.58830 

57800.9321 

64 

65 

28 „ 14546 

5403.45103 

50163.8211 

65 

66 

28.56777 

4880.97122 

43299.2678 

66 

67 

28.91480 

4386.63687 

37157.1722 

67 

68 

29.17835 

3920.87029 

31688.2875 

68 

69 

29.31361 

3484.01051 

26844.4572 

69 

70 

29.31816 

3076.34508 

22578.5613 

70 

71 

29.14280 

2697.98526 

18844,5882 

71 

72 

28.74474 

2348 *94360 

15597.7314 

72 

73 

28.10950 

2029 . 04474 

12794.4850 

73 

74 

27.24720 

1737.89062 

10392.7854 

74 

75 

26.18916 

1474.84600 

8352.1923 

75 

76 

24.96426 

1239.04858 

6634.0785 

76 

77 

23.61901 

1029.44032 

5201.8043 

77 

78 

22.17605 

844.79632 

4020.8551 

78 

79 

20.63737 

683.77133 

3053.9465 

79 

80 

19.07826 

544.92240 

2286.0796 

80 

81 

17.39759 

426.710841 

1674.5723 

81 

82 

15.61803 

327.577540 

1199,08750 

82 

83 

13.76038 

245.841829 

836.58508 

83 

84 

11.91662 

179 . 724148 

566.37668 

84 

85 

10*16860 

127.366847 

370.15611 

85 

85 

8.512296 

86.926166 

232.00801 

86 

87 

6.921590 

56.654085 

138.32432 

87 

88 

5.358706 

34.894300 

77.64137 

88 

89 

3.880993 

20.056105 

40.48567 

89 

90 

• 2.613805 

10.576616 

19.250368 

90 

91 

1.621476 

4.978120 

8,113062 

91 

92 

.8767154 

1.993429 

2.898640 

92 

93 

.3603537 

.6302141 

.8207853 

93 

94 

.1085767 

. 1437147 

.1666651 

94 


.0175690 

- r, rrh-r— 

.0175690 

.0180961 

95 
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Age 

C K 


— 

- x 
* 

Age 

10 

1.7332724 

4.8658238 

6.5679847. 

10 

11 

.7185922 

.8528240 

.5461737 

11 

12 

. 7041049 

.8397631 

.5241776 

12 

13 

.6895105 

.8265359 

.5019890 

13 

14 

, 6749092 

.8134374 

.4796012 

14 

15 

.6608918 

.8001618 

.4570066 

15 

16 

.6462783 

. 7868C34 

.4341981 

16 

17 

.0316575 

.7733565 

.4111677 

17 

18 

.6176272 

.7593142 

.3379069 

13 

19 

.6035936 

.7461698 

.36440740 

19 

20 

.5895566 

. .7324164 

.3406602 

20 

21 

.5761133 

.7185466 

.3166556 

21 

22 

.5626792 

.7045527 

.2923833 

22 

23 

.5492392 

.6904266 

.2678346 

23 

24 

.5357983 

.6761500 

.2489963 

24 

25 

. 5 2235 6 S 

.6617444 

.2178592 

25 

26 

.5095194 

.6471697 

.1924097 

26 

27 

.4966822 

.6324261 

.1666352 

27 

23 

.4838449 

.6175032 

.1405231 

28 

29 

.4716122 

.6023890 

.1140590 

29 

30 

. 4593785 

.5870740 

.0872282 

30 

31 

.4471442 

.5715435 

.0600149 

31 

32 

.4355099 

.5557849 

.0324032 

32 

33 

.4244710 

.5397839 

.0043756 

33 

34 

,4134247 

.5235257. 

5.9759131 

34 

35 

.4023711 

.5069941 

.9469972 

35 

36 

.3924902 

.4901724 

.9176074 

36 

37 

.3925094 

.4730421 

.8877217 

37 

38 

.3733301 

.4555839 

.8573176 

38 

: 39 

4 2650329 

.4377770 

.8263703 

39 

40 

.0573352 

.4195999 

.7948554 

40 

41 

.3-195776 

.4010284 

.7627444 

41 

42 

.3428691 

.3820378 

.7300083 

42 

43 

.3366205 

.3625003 

.6965179 

43 

44 

. 3313809 

.3426863 

.6625394 

44 

45 

.3275180 

.3222645 

.6277386 

45 

46 

.3250464 

.3013009 

.5921788 

46 

47 

. 3233326 

.2797589 

.55582C9 

47 

48 

. 3232840 

.2575999 

.5186233 

48 

49 

. 3252135 

.2347822 

■ 

.4805420 

49 
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Apt® 

c x 



E3 

50 

1.3284767 

4,2112613 

5.4415300 

50 

51 

.3328985 

.1869905 

.4015372 

51 

52 

.3383276 

.1619206 

.3605100 

52 

'53 

.3446147 

.1359981 

.3183914 

53 

54 

.3519989 

,1091663 

.2751205 

54 

55 

.3599347 

.0813639 

.2306316 

55 

56 

.3686487 

.0525259 

.1848546 

56 

57 

.3776569 

.0225810 

.1377145 

57 

58 

.3868666 

3.9914538 

.0891304 

58 

59 

.3964927 

.9590624 

.0390153 

59 

60 

' .4061388 

.9253177 

4.9872758 

60 

61 

.4157465 

.8901245 

.9338111 

61 

62 

.4250123 

.8533795 

.8785127 

62 

63 

.4336902 

.8149712 

.8212630 

63 

64 

.4418124 

.7747788 

.7619348 

64 

65 

.4494084 

.7326712 

.7003907 

65 

66 

.4558763 

.6885062 

.6364808 

66 

67 

.4611202 

.6421317 

.5700426 

67 

68 

.4650608 

.5933825 

.5008987 

68 

69 

.4670694 

.5420805 

.4288547 

69 

70 

.4671367 

.4880350 

.3536962 

70 

71 

.4645313 

.4310395 

.2751867 

71 

72 

.4585584 

.3708726 

.1930614 

72 

73 

.4488531 

.3072917 

.1070226 

73 

74 

.4353219 

.2400225 

.0167322 

74 

75 

.4181216 

.1687467 

3.9218005 

75 

76 

.3973187 

.0930885 

.8217606 

75 

77 

.3732616 

.0126011 

.7161540 

77 

78 

.3450844 

2.9267520 

.6043184 

78 

79 

.3146544 

.8349108 

.4855718 

79 

80 

.2805388 

.7363346 

.3590914 

80 

81 

.2404891 

.6301336 

.2239038 

81 

82 

.1936262 

.5153143 

•0786507 

82 

83 

.1386304 

. .3906557 

2.9225101 

83 

84 

.0761532 

.2546063 

.7631053 

84 

85 

.0072612 

.1050564 

.5683849 

85 

86 

0.9300467 

1,9391505 

.3655030 

86 

87 

.8402059 

.7532312 

.1408985 

87 

88 

.7290599 

.5427545 

1.8900932 

88 

89 

.5389428 

.3022465 

.6073012 

39 

90 

.4172733 

.0243469 

.2844391 

90 

91 

.2099105 

0.6970653 

0.9091848 

91 

92 

1.9428587 

.2996009 

.4621943 

92 

93 

.5567289 

1,7994882 

1.9142297 

93 

94 

.0357363 

.1575012 

.2218448 

94 

95 

2.2447478 

2.244747 8 

2.2575850 

95 
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34 


Net present value of life 
annuity-due of 1 per annum 


Logarithm of 
3Jx = 1 + 



Net premium for whole 
life insurance of 1000 


Single pran- Arnual pran- 
iura = 1000A* iun = 1000P X 


10 

24.34297 [ 

1.3863736 

290.9315 

11.953 

11 

24.22471 

.3842585 

294.4263 

12.154 

12 

24.10259 

.3820638 

297.9823 

12.363 

13 

23.97653 

. 3797834 

301.6542 

12.581 

14 

23.84634 

,3774217 

305.4466 

12.809 

15 

23.71185 

.3749654 

309.3637 

13.047 

16 

. 23.57314 

. 3724175 

313.4033 

13.293 

17 

23.42984 

.3697694 

. 317.5775 

13.554 

IS 

23.28173 

.3670152 

321.8912 

13.826 

19 

23.12890 

.3641550 

326.3428 

14.110 

20 

22.97114 

.3611826 

330.9376 

14.407 

21 

22.S0829 

. 3580928 

335.6810 

14.717 

22 

22.64039 

.3548839 

340.5714 

15.043 

23 

22.46722 

.3515494 

345.6148 

15.383 

24 

22.28862 

. 3480831 

350.8169 

15.740 

25 

22.10437 

.3444781 

356.1838 

16.114 

26 

21.91421 

.3407259 

361.7217 

16.506 

27 

21.71822 

.3368241 

367.4306 

16.918 

28 

21.51612 

.3327640 

373.3168 

17.351 

29 

21.30770 

.3285367 

379.3874 

17.805 

30 

21.09296 

.3241376 

385.6420 

16.283 

31 

20.87162 

.3195562 

392.0885 

18.786 

32 

20.64345 

.3147823 

398.7342 

19 . 315 

33 

20 . 40842 

.3098094 

405.5B01 

19.873 

34 

20.16648 

.3046301 

412.6270 

20.461 

35 

19.91736 

.2992318 

419.8825 

21.081 

36 

19.66077 

.2936006 

427.3560 

21.736 

37 

19.39689 

.2877321 

435.0422 

22.428 

38 

19.12541 

.2816107 

442.9494 

23.150 

39 

18.84648 

.2752302 

451.0734 

23.934 

40 

18.55979 

,2685731 

459,4232 

24.754 

41 

18.26549 

.2616313 

467.9954 

25.622 

42 

17.96323 

.2543843 

476.7993 

26.543 

43 

17.65310 

.2468211 

485.8320 

27.521 

44 

17.33500 

.2389241 

495.0957 

28.561 

45 

17.00925 

. 2306853 

504.5850 

29.665 

46 

16.67568 

. 2220835 

514.3006 

30.841 

47 

16.33481 

.2131142 

524.2237 

32.093 

48 

15.98670 

.2037588 

-534.3677 

33.426 

49 

15.63185 

.1940104 

544.7034 

34.846 
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X 

2 jx ~ 1 + °JC 

Logarithm of 

^ * 1 + 

1000 

■u 

1000 P x 

X 

50 

15.27095 

1.1838659 

555.2151 

36.358 

50 

51 

14.90448 . 

.1733167 

565.8890 

37.968 

51 

52 

14.53293 

.1683533 

576.7108 

39.683 

52 

53 

14.15677 

.1509643 

587.6669 

41.511 

53 

54 

13.77649 

.1391387 

598 .7430 

43.461 

54 

55 

13.39276 

.1268700 

609.9194 

45.541 

55 

56 

13 ,00608 ■ 

.1141465 

621.1819 

47.761 

56 

57 

12.61716 

.1009617 

632.5101 

50.131 

57 

58 

12.22653 

.0873031 

643.8876 

52.663 

58 

59 

11.83476 

.0731594 

655.2983 

55.371 ' 

59 

60 

11.44266 

.0585270 

666.7185 

58.266 

60 

61 

11.05093 

.0433990 

678.1282 

61.364 

61 

62 , 

10.66033 

.0277707 

689.5048 

64.680 

62 

63 

10.27155 

0116362 

700.8283 

68.230 

63 

64 ; 

9,885235 

0.9949870 

712.0802 

72.035 

64 

65 

9.502167 

.9778227 

723.2382 

76.113 

65 

66 

9.123340 

.9601539 

734.2715 

00.483 

66 

67 

8.749452 

.9419809 

745.1617 | 

85.167 

67 

68 

8.381280 

.9233104 

755.8847 

90.187 

68 

69 

8.019767 

.9041617 

766.4145 

95.566 

69 

70 

7.665465 

.8845385 

776.7340 

101.329 

’ 70 

71 

7.319163 

.8644614 

786.8204 

107.501 

71 

72 

6.981118 

.8439250 

796.6665 

114.117 

72 

73 

6.650948 

.8828835 

806.2834 

121.228 

73 

74 : 

6.327826 

.8012545 

815.6946 

.128.906 

74 

75 

6.010761 

.7789295 

824.9290 

137.242 

75 

76 ! 

5.698893 

.7557904 

834.0129 

146.346 

76 

77 

•5.391461 

.7317066 

842.9670 

156.352 

77 

78 

5,088340 

.7065761 

851.7960 

167.402 

78 

79 

4.789717 

.6803098 

860.4934 

179.654 

79 

80 

4.495634 

.6527910 

869.0592 

193.312 

80 

81 ' 

4.208487 

.6241259 

877.4226 

208.489 

. 81 

82 

3.927690 

.5941373 

885.6014 

225.476 

82 

93 

3.652064 

.5625384 

893.6290 

244.691 

83 

84 : 

3.378892 

.5287743 

901.5856 

266.829 

84 

85 

3,106936 

.4923324 

909.5066 

292.734 

85 

86 

2.838837 

.4531404 

917.3152 

323.131 

86 

87 

2.579263 

.4114956 

924.8754 

358.581 

87 

88 

2.333843 

.3680715 

932.0236 

399.351 

88 

89 

2,102925 

.3228235 

938.7500 

446.402 

89 

90 

1.880385 

.2742471 

945.2314 

602.679 

90 

91 

1.662462 

.2207516 

951.5790 

572.391 

91 

92 j 

1,459440 

.1641861 

957.4922 

556.068 

92 

93 

1.293875 

.1118923 

962.3147 

743.746 

93 

94 - 

1.138697 

.0564080 

966.8349 

849.071 

94 

95 

1.000000 

.0000000 

970.8734 

970.873 

95 
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It is auatomary in this country to use a symbol different in 
some respects from the 

= Dj-+i + Djc4-2 + * to end table, 

introduced in the 11th lesson. This symbol is Mx f° r sometimes 
&'.> , and its value is defined as follows: — 

t4x = Ex + Dx+1 + Dx+2 +.* to end of table. 

On comparison it will be seen that the only difference lies in the 
fact that N x begins with Dx+i, while begins with Dx. It is 
easy to establish the relation between ET X and |^ x ; for, — 

Mx = + (Dx+1 + *bc+2 + to end of table) 

= + *x- 

also H x _! = Dj. + IVjch + ....... to end of table = 

and Nx+1 = Dx+l + Dx+2 + to end of table = H x « 

Recapitulating, we have: — 

N x = & x+1 (63) 

Mx = *x-l = D x + H x . 

In American tables the column headed N x is almost certain to 
be what we have above defined as ^ x ; the easiest way to determine 
this Is to look at the last age x for which l x and hence D* is not 
equal to zero. If the number In the "H column" corresponding to 
this age is the same as 1^, it is an " ^column,* but if it is 
zero, it is an "H column." The commutation symbol fcf x will be 
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found tabulated for the American Experience table at 3# on p. 76. 
Returning to formula (62), we see that the relations exhibited in 


(63) enablo ub to write 

o _ Mx+1 . Hac 
®x " 


D 


X 


(64) 


The formula for a x may be derived in another way. 

I-X * s-x 3&X ^ 4 E :c 


4 




f- 


^ — « — etc » 


x yre .* 

If a person aged x should possess a pure endowment of 1 due 
in 1 year, a pure endowment of I due in 2 years, etc., throughout 
the extent of the table, these would evidently be equivalent to 
an immediate annuity of 1 for life. Hence we have,-- 

a x = lSx + 4* jjE x 4 ...... to end of table, 




= ~§r * + + etc -» to Bnd ° r tatie » 


■by formula (61), Therefore, as before, 

Ex+1 + Px+3 + •«« to end of table _ H* Mx+1 
Dx Dx ' Dx 


ax - 


We now pass to the consideration of a defe rred annuity . Let 
the annuity be deferred n years ho that the first peynent occurs 
at the end of n + 1 years and continues thereafter annually 
throu^iout life. 


^-x+n 


1 x+n+l 1 x+n+2 


/K U- - - - - 

1 - 1 

to end of table 

v 

1 , 1 



t — -x yrs . — * * — n yrs. — * x x 

Let each of 1^ persons aged x purchase an immediate life annuity 
deferred n years. The first payment would be due at the end of 
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n + 1 years and there would he l x + n +i survivors each to receive 
1 unit. The present value of l--+n+l at rate of interest 1 would 
he v* 1 **- l x +n+ 1 • One year later there would he lx+n+2 survivors, 
and v 11 * 2 lx+n+2 units invested now at rate of interest i would in 
n + 2 years amount to l^fn+g units, thus supplying each individual 
with 1 unit. Proceeding in this way we have the total sum which 
must he on hand at the present moment: — 

v n+1 lx+n+1 + v I1+a lx+n+2 + v 0 * 3 lx+n+3 + to end of table. 


This sura must he raised by equal contributions on the part of the 
original l x purchasers of annuities, hence, denoting the present 
value of an immediate life annuity on a person of age x deferred n 
years by nl&x (read "n bar a cub x n ), we have: 

, _ v n+1 lx+n+1 + v n+2 lx+n+2 + to end of table 


Multiplying both numerator and denominator by v x we have, — 


ni ®x 


T x+n+1 lx+n+1 + v xttI+2 lx+n+2 + 

v x l x 


to end of table. 


henc e , 


, . _ I>x+n+l + Dx+n+2 + • • to end of table _ N x+n - J^x+n+1 

n «^ 53 TST *T~ 


The formula, then, for an annuity deferred n years 1 j: 
= Njc+n = Mx+n+1 


n! ®3c 


(65) 


It will bo noticed that when n = 0 f that is, when the annuity is 
deferred zero years, (55) reduces, as it should, to (64). 
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NOTATION. 

77e ahall make a few remarks at this point concerning Actuarial 
Notation. . 

A letter at the lower left corner of the principal symbol 
relates to the number of years covered by the probability or the 
benefit in question. Thus, 

nPx 5 probability that (x) will live n years, 

(x) means "a person aged x," 

= means "identically equals," or "denotes," 
n?x = annual premium, limited to n payments, for a whole life 
insurance of 1 on (x) , 

jjSx s value of a pure endowment on (x) , payable if he sur- 
vives n years. 

If the letter comes before a perpendicular bar l , it shows 
that a deferred period is meant; if after, a temporary period is 
meant. Thus, nl a x = value of an annuity on (x) deferred n years, 
i. a., the first payment at end of n .+ 1 years. 

[ n a x = value of a temporary annuity on (x) for n years, 
ri Jq x s probability that (x) will die in a year, deferred n 
years, 1. e. , that he will die in the n~~lth year, 

j n q x = probability that (x) will die within n yeara, 

n! = value of a temporary annuity of m years on (x) deferred 
n years. 
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Our next problem will be to find the value of a temporary 
annuity on (:c) for n years. Perhaps the easiest ray to discover 
this is to irad» use of the evident fast that a temporary annuity 
for n years must be equal to the excess of a life annuity over an 


annuity Referred n years. Hence^ 

|n Q x = a x ** nl a ^ 

| _ = ^x _ ^x+n = ~ ^x+n 

’ n X Dx Dx Dx 

Usiny the American symbol we have , 

, a _ Hrfl -Mx+n+1 

In^ *r 


( 66 ) 


CS5a) 


If we a-yree to write, as is often done in actuarial works,— 


N x “ ^x+n ~ ^xhi 


Mx - i^x+n = i^xri ; 
i^x+1 - J^x+l+n = $x+l:nt etc., 


the above formulae becomes: 


_ Hi® _ &x+l:T3 

n&x " “ — 5— 


(57) 


The temporary annuity may also be derived independently, as 
follows: 

lx lx+1 lx+S lx+n 

♦ + f-— — 4- ij 

« x yrs* > — - — n yre. > 


We nave, reasoning as in previous cases: 
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the present value 

of l x +i unite 

at ij£ due 

in 1 year 

is v lxfi 

do. 

lx+2 

do. 

2 years 

is v2l x +2 

do. 

lx+3 

do . 

3 " 

” v 3 1 x +3 

do. 

lx+n 

do . 

n " 

" TOlafn 

hence, summing and dividing by l x * we 

i have, — 




- v 1 x+l * V 2 1x4-5 + + 7n J-x+n 

L x 

v** 1 lx+1 + 'r K+z lx+2 * . . . + y JC+tl lx+n 

V x lx 

- + hx+2 + + Dx+n 

% 

But , 1T X = D x +i + ®x+2 + • • • + ^x+n + ®x+n+l + • • to end of table 

and Hx+n = Br+n+1 + . . to end of table 

Subtracting 

N x “ H x+n = ^x+l + I*x+2 + »-- + D x+n* 

Therefore, substituting in the above formula, — 

i _ Nx - ffx+n _ Mx-H - Hx+n+1 _ Nxh 1 . _ -^x41:n~j 

' na-X = “ Dx " ftc 

*1. Find the value of I n &x hy considering It as a series of 
pure endowments. 

The intercepted, or deferred, temporary annuity is deferred 
n years and then continues for m years. It is evidently in value 
equal to the excess of an annuity deferrei n years over one 
deferred n + m years. 
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n( max - n I ax - n-t-ml ax 


OS 


_ Njc+n N x+n+m _ Mx+ndiF 

Ex 


°x 


Ex 


_ ^'x+n+1 i^x+n+nH-1 _ ^x+n+l:m! 
Ex Ex Ex 


( 68 ) 

(68a) 


*2. Find the value of tilm®!* by two other methods. 

When the payments (annual rent) are male at the he ginning of 
each interval we have an annuity~due, The symbol for this is 2Lx» 

lx 

i eto. 




yra 


>'l 


This figure shows that, — 

0* = i + a* = i ♦ « Bs_LSs 

D x Dx 

* -l + o - - Mx 

• - cl x ~ i + a x ~ • 


~ a x ' 

£■(.. / w 

(v •' 


t 

it 


1A/U -io.. 


(69) 


Ex 

It is worth noting here that by formulas (62) and (69), 

Nx . C5 x 

a x = ^ and cbx = 

that is, the British H x divided by Dx gives the value of an annuity 
immediate, ax; while the American divided by Dx gives the 
value of an annuity-due, £bx = 1 + a x . 

*3. Show that, 

nla x = „-l| a, = 
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* 4 . Show that, 

9 

I £l, _ , . i „ _ Nx -1 - Hx+n -1 _ Hx-ltrn 

In^x = 1 + in-ia^ ' ' 


93 




Px 


~ ^xtn _ ^xnj 
»x Dx 


Show that 


ni m tu x 


•o , , i ^ N x+n-l - H’x+n+m-l _ N x +n-l:mT 

cby - n-ll m&x - 


Recapitulating, we have; 


Dx 


Mx+-n ~ Hx 4- n + m . Nx + n: 


m 1 


■Dx 


A<' 




Px 


3. 


_ i o_ - N x+n 
n x 

(70) 

ma x = % 

(7Ca) 

i . _ Njcn! 

In "*- D* 


Infix = 


i . _ Nx+n:mt 

nl»*x - ^ 


nl»£Ux = 



It is thus seen that the British 1J is particularly adapted to 
express the immediate annuity , and the American Is particularly 
adapted to express the annuity- due . It is also evident, that if 

in the formulae for an immediate annuity the British N "be exchanged 
for the American , they are transformed into the corresponding 
formulae for an annuity-due, and vice versa . 

It may he of some interest to the student to observe by a 

* 

numerical example the actual working and sufficiency of an annuity 
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fund as obtained by the preceding analysis. For this purpose we 
select a group of immediate life annuities of 1 per annum issued, 
to each of 5485 persons aged 85. By formula (54) the value of 
each annuity is 


a 85 " 


-^86 

d Q5 


93.68369 

44.46441 


2.106936, 


hence 5485 such annuities would cost 
2.106936 x 5485 =11556.54. 


Table Bhowlng the operation of an annuity fund 
of £11556. 54 formed by a group of 5485 persons of 
age 85 each purchasing an immediate life annuity of 
one dollar per annum. Baaed on American Experience 
Mortality Table at three per oent. 


(1) 

Age 

(2) 

Year 

(3) 

Fund at 
commence- 
ment of 
year 

(4) j 
Interest 
earned 

In year 

(5) 

Sum of (3) 
and (4) 

(6) 

Claims 

1 

(7) 

Fund at 
end of 
year 

85 

1 

■ ■ 

11556.54 

346.70 

11903.24 

4193 

7710.24 

86 

2 

7710.24 

231.31 

7941.55 

3079 

4862.55 

87 

3 

4862.55 

145.87 

5008.42 

2145 

2862.42 

88 

4 

2862.42 

85.87 

2948.29 

1402 

1546.29 

89 

5 

1546.29 

46.39 

1592.68 

847 

745.68 

90 

6 

745.68 

22.37 

768.05 

462 

306.05 

91 

7 

306.05 

9.18 

315.23 

216 

99.23 

92 

8 

99.23 

2.98 

102.21 

79 

23.21 

93 

9 

23.21 

.70 

23.91 

21 

2.91 

94 

10 

2.91 

.09 

. 

3.00 

•3 

0.00 


PROBLEMS . 

*6. A certain magazine is $4.00 per annum in advance. At 
what price could the publishing company afford to make its patrons 
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life subscribers, money being worth 3#: (a) a subscriber aged (x) ; 
(b) aged 35? 

*7. Eaoh of a large group of pensioners aged 50 receires an 
annual pension of $360-00. . Assuming the American Experience table 
and 3 f* interest, what immediate settlement could the government 
afford to rake with eaoh pensioner? 

*8. Each of a group of individuals is owing a corporation 
$846-00, but the debtors are unable to pay the total sum at 
one time. Money being worth 3^, what annual sum to be paid through- 
out life could the corporation afford to accept from each Individ- 
ual In lieu of the total debt of $846.00,. the first payment to be 
made at once? 

"ft 

*9. Eind the value of: 

3ol a, >0 10 1 20 a 30 Il6^42 S3 1 . 23^13 . 

oOo 
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LESSON XIV. 


*.<t. J h 
• • • 


Expectations of Life an! Provable Life . 

If we could determine the total future - lifetime in years of 
a large group of 1* persons of present age x, this number, divided 
by lx ( would be what is termed the expectation of life at age 
x for that group. It is thus seen that the expectation of life is 

f \ 

another nune for the average future lifetime , or, as it is some- 
times called, the " average after-lifetime ." Although we cannot 
read the future and know exactly when each individual life will 
end and thus determine the toted, future lifetime of the group, 
still we may assume with a fair degree of certainty that the death 
rate in the group will be well represented by some standard table 
of mortality baaed on observations of lives in that region or ter- 
ritory. The expectation of life, therefore, is first of all baaed 
upon some selected mortality table; it will be found that for dif- 
ferent mortality tables the expectation of life at a given age is 
not the same, although the range of variation is inconsiderable. 

3?or example, we have: 

Expectation of Life at age 35 by H M (British) table is 31.05 yrs, 

" Carlisle table is 31.00 " 

" Amer. Experience table is 31.78 " 

" Actuaries' table is ...... 30.87 " 

" 23 German Offices table is 29.16 " 
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35 

35 

35 

35 
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In order to derive from a given mortality table what ie tech- 
nically known as the expectation of life of a person aged x it ie 
neoessary to make some assumption regarding the distribution of 
deaths within each year. Among the various assumptions that mi git 
be made we shall consider only the following: (a) that all the 
deaths occur at the beginning of the year, (b) that all the deaths 
occur at the end of the year, (c) that the deaths occur uniformly 
within the year at the middle of intervals in number equal to the 
number of deaths. 

( a) Deaths occur at beginning of year . 


This assumption leads to what has been termed the " curtate 
expectation of life " which Is denoted by the symbol e x . 

Living l x 


/ 

lx+1 living through 

lx+2 living through 

etc. 

> 

Is t # future year } 

21 future year 

t 


Qjring d x d*^ i *+2 


The diagram shows that out of lx * ^x + lx+1 persons of age 
x, d x die at the beginning of the year, and the remaining l x +i 
survive one year and so, as a tdielo, the original l x lives complete 
exactly l x +l years of life In the first future year. Similarly 
the lx +1 = dx+1 + lx+2 survivors are divided into two groups, dx+1 
who die at the beginning of the aeoond future year and l x +a who 
oontinue to live to the end of that year, attaining the age x + 2 ; 
thus the group of lx+1 lives completes in this second future year 
a total of lx +2 years of life. Proceeding in this way we see that 
the total number of future years lived is 

lx+1 + lx+2 + lx+3 + lx+4 + to end of table. 
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Dividing tills "by l x we have the average future lifetime or curtate 
expectation of life of each individual given by the formula 


ex = 


lx+1 + lx+2 + lx+3 + lx+4 + to end of table 

lx 


(71) 


Henoe the rule to find the Curtate Expectation, of Life : divide 
the sum of all those living above the given age by the number 
living at the given age* Per example, we have (aee Am. Ex. table, 
P. 75), 

462 + 216 +79+21+3 781 _ Q _ 

°90 847 847 " ’ 9S 


An inspection of the developments on p. 72 will show tliat e x may 

bo regarded ae the present value of an lnpediato life annuity vihen 

the rate of interest 1 = 0, for then the discount factor 

1 1 
1 + i 1 + 0 * 

and the expression for a x there obtained reduces to that above 
given by formula (71). 

(b) PeathB occur at end of year . 

Living l x 


^ lx living through 

lx+1 living through 

etc. 

i 

1st future year 

2 d future year 

r 


Dying d x dx+i 


As all deaths take place at the end of the year each of the 
initial l x persons completes one year of life in the first future 
year and the group therefore aggregates l x years of life in thiB 
year. Then d x lives come to an end and l x +l lives continue 
through the second future year thus completing l x +l more full 
years of life. At the end of the second year d x +i deaths taka 
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plaoB leaving l x +2 lives to continue and survive the third future 
year, etc. In this manner we arrive at the following total future 
lifetime for the group: 

lx + lx+1 +■ lx+2 + lx+3 + to end of table. 

Henoe the average future lifetime or expectation of life according 
to hypothesis (b) is 

lx + lx +1 +• lx +2 + lx+3 + lx+4 + «•» to end of table 

lx 

^ + lx+1 + lx+2 + lx+3 + lx+4 + ... to end of table 

lx 

= 1 + e x . (72) 

It is thus seen that the expectation derived by this hypoth- 
esis exceeds the curtate expectation by one year. As the value of 
an annuity-due exceeds that of the annuity- immediate by 1 it fol- 
lows from the preceding reasoning that the expectation 1 + e x is 
the present value of a life annuity-due at age x when interest is 
zero. We may thus by analogy in a sense regard the expectations 
obtained by assumptions (a) and (b) respectively as the 
"expectation-immediate" and "expectation-due". Since the 
expectation- immediate assumes all deaths at the beginning of the 
year and the expectation-due assumes all deaths at the end of the 
year it would be reasonable to suppose that the mean of these two 
expectations would give a value of the expectation of life more 
nearly in accordance with the facts. The mean value is 
■x( &x +• 1 + ®x ) ~ x +'&x- This is called the complete expecta- 

2 c 

tion of life and ia denoted by the symbol We have therefore 

the following formula: 
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= - + e x • (73) 

2 

which shows that the complet e expectation of life always exceeds 
the curtate expectat ion of life by 1/8. Formula (73) in connec- 
tion with the rule before given for finding the curtate expecta- 
tion of life leads to the. following rule: 

To find the Complete Expectation of Lif e , e x , divide the stun 
of all those living above the given age by the number living at 
the given age and add 1/8 to the result. 

Foi example, 7/e have (see Am. 2x. table, p. 75), 

O _ 4193 + 3079 + S146 1 1402 + 847 + 46S + 816 f 79 + 81 + 3 
®85 5485 

18448 1 

= t .I* + £ = 2-27 + 0.50 = 2.77. 

5485 2 


Problems. 

"Example 1. Prove that e x = p x (l + e^+j) . 

•Example 8. What do you understand by the temporary (for n 
years) curtate expectation of life? Show that 


n 0 x 


_ lxhl + lx+8 + lx+3 + lx+4 + • * lx+n_ 


•Example 3. State rtiat is meant by a deferred (for n years ) 
curtate expectation of life and prove that that 


n e x ~ 


3-x+n+l + lx+n+2 *- - - - - to end of table 


-x 


Example 4. Prove that e x = ] n e x + ni^- 


‘Example 5. Prove that 

H 
Bx 


e x = ® and 1 + e x = — ^ © 0<. 
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xv. 


LESSON TV. 


Expectation of Life and Probable Lifetime (c ontinued) . 

We shall now Btudy assumption (c) of the preceding lesson and 
show that it leads to what was there defined as the c omplete expec - 
tation of life , lx. According to this hypothesis the deaths occur 
within the year at the middle of intervals in number equal to the 
number of deaths. For example, if there are twelve deaths in the 
year they will occur at the middle of each month, if 365 deaths 
take place in the year they will occur at noon each day. * A care- 
ful examination of this distribution of deaths discloses that the 

• 

total number of years of life lived in the year of death by all 

the persons who die within the year is Just one half their number. 

Deaths 1 2 3 4 5 6 

| | f* f 4 T ? 

Month ”~j : *7ari '* Feb jhfiar "fTpr? liiky t Tune?” 

For example, the 12 persons who die in the middle of each month of 

12 L 
the year aggregate -g- = 6 years of life in that year for while the 

first lives 1/2 month the last lives one year lacking 1/2 month 

and the two together live a full year, similarly with the remaining 

five pairs. In the case of an old number , aa 5, lying within the 

year 


T l •? lp ¥ f 1 

jiTy^Aug'.l- Sep j 06 t^Uov.t-Dec^ _ 


Begin- 
ning of 
year 





1/5 yr. 1/5 yr 


, (- J 1 

1/5 yr. 1/5 yr. 


5 

1/5 yrl year 




End 

of 


we see that 1 and 5 together live a year, 2 and 4 together live a 


year, 


while 3 lives 1/2 year, dying 

Digitized by Google 


in the middle of the year. 

Original from 

UNIVERSITY OF MICHIGAN 



Digitized by 



Google 


Original froir 

UNIVERSITY OF MICHIGAN 
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Thus again ike total years lire! in the year of death Is one-half 
the number of deaths, or 5/2. 

According to the mortality table, in a group of l x persons of 
age x, d x die in the first future year, d x +i in the second future 
year, d x +g in the third future year, eto. Consequently, in con- 
nection with the above renarkB , the following diagram shows: 

Living at l x 

age x j dx die In ■ *x+ l die in . eto. 

1st future year ' 2d future year 

that the d x persons dying in the first future year live -|dx ye^rs 

of life in the first future year, that the i x +i persons dying in 
‘ 1 

the second future year live -gd^+i years of life in the second 

future year plus d x +i years of life in the preceding year, that 

the d x +2 persons dying in the third future year live -^djcts years 

2 

of life in the third future year plus 2dx+2 years of life in the 
two preceding years, etc., thus leading to the following schedule; 


! » n 

Future 

year 

S 

(2) 

Deaths 

in 

year 

(3) 

Total years 
lived in 
year of 

death 

(4) 

Total years lived 
in years preceding 
year of death and. 
after age x 

(5) 

Total years 
lived after 
age x = 

(3) + (4) 

First 

dx 


0 

■ 

*■ 1 

; Second 

dx+1 

■gdx+l 

dx+1 

3, • 
pdx+1 

* i 

Third 

1 

dx+2 

1 

gdx+2 

2d x +2. 

* 

5 

o*:x+2 

i 

j 

Fourth 

*x+-3 

g d x+3 

31x+3 

! 

7, 

i dx+3 

> 

etc 

+■. n 

nd cf table 

, 

etc to end of Table. t 


• .. Qr-ipinaLtfi)!. . — i 
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XV, MATHEMATICS OF ANNUITIES AND INSURANCE, 

Hence, ailing column (5), the total number of future years lived 
is: 

-|dx + |dx+l + |dx+8 + |dx+3 + to end of table, 

or, breaking the sum up into the portions found by adding columns 


(3) and (4) respectively, we hare 

■|dx + ^dx+1 + -|dx+2 + |d x +3 + to end of table 

+ d x +l + 2ijc+2 + 3d x +3 +, do. 

= -^(d x + d x +i + d x +2 + d x +3 + to end of table) 

+ dx+l + d x +2 +• d x +3 + do. 

+ 4x+2 + d x+3 + do. 

+■ d x +3 + do. 


= -|l x + l x +l + l x +2 + l x +3 + lx+4 + to end of table 

since, by the method of constructing the mortality table, 

51 d x = l x , 5. dx+l = lx+li k_ d x +2 = l x +2» etc. 

Hence the average future lifetime is: 


_1 + lx+1 + lx+3 +■ lx+3 + lx+4 + to end of table 

2 lx 

1 X 

= - + e X = e x. 

From what has gone before it is clear that the expectation 
of life is not a term of years which a person may logically expect 
to live; some will fall short of while others will overreach the 
term of expectancy. It i3 merely a kind of average obtained by 
evening up the excess of years of life in some persons with the 

defect in otherpv* I Original from 
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The curtate expectation of life may toe exhibited aa the sum of a 
series of probabilities of life. Referring back to formula (58) 

It was there shown that p x (or better, ip x , employing the notation 
explained on p. 89) = l x+ ^/lx is the probability that (x) will 
survive one year. By the same method of reasoning 2Px = ^+2^ 
is the probability that (x) will survive 2 years, etc., and 
n p x = lx+n/lx 13 the probability that (x) will survive n years. 
Denoting the last age in the mortality table by w (to avoid the 
frequent repetition in our formulas of the phrase, to end 

of table”) we have 


. _ 1x41 + lx +2 + + lw 

.* ^ 

_ lx+1 + lx+2 + + lw 

lx lx lx 

= l p x + 2 p x + + rPx 

if r = w - x, 

r therefore being the remaining number of years In the mortality 
table after the a.^e x. The above result may be compactly written 

n=r 

n=ll x 

which means "the sum of such terms as n p x where r. is given ia sue 
cession all integral values from 1 to r inclusive. Por example, 
for the American Experience table of mortality, w = 95 and if 
x = 35 , since r=w-x=95-35= 60, we have 

n=50 

e 35 = n p 35 = i? 25 + 2 p 35 + + 60 p 35 * 

n=i 
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liV. 


.;ir.jllarly 


n=5 


e Q0 


- 1P90 + 2P90 + 3P90 + 4P90 + 5P90 


Probable Lifetime (Vie Probable). 


Another expression sometimes employed in speaking of the 
future years of an individual is his " Probable Lif etir.e , " or, as 
the French say, "Vie Probable." This period is defined, in con- 
nection with a croup of persons all of the same ace, as the number 
of years after which just one half of the members of the croup will 
be alive. The chances therefore are even that a person will sur- 
vive his term of probable life . In symbols, if 



then t = the term of probable life of a person aged x. For example, 
by the American Experience table of mortality, of 10(^000 at ace 10 
there will be 5G000 living sometime between ages 64 and 65; to find 
the fractional part of the year after which exactly 50000 are 
living (on the supposition that deaths occur uniformly throughout 
the year) we have: 


llO = 100000 
lg 4 = 51230 

|llO = 50000 

difference = 1230 

d 64 = 1889 


1^30 

Hence the fractional ter re. - = . 85 . and at age 64.65 just 

1339 1 

one-half of those living at a~e 10 are alive; this gives 

64.65 - 10 = 54.65 years aa the probable lif etirre at age 10. 

^ ,^Ir> original from 
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Hence, t^o = 54.65 years 

For age 35 the computation would he as follows: 

135 = 61822 

J ** 

l^a = 43133 

1 ! t 

2 I 35 = 40911 
difference = 2333 

d 6 s = 2243 

fractional tern - — = .39 

2243 

therefore t 35 = 68.99 - 35 = 33.99 years. 

"Problem. — Compute a table of Probable Lifetime = t x for all 
ages after ten by American Experience mortality table, carrying 
the fraotional period to two places of decimals a 9 in above illus- 
tration. Also state for what ages: 

(a) the probable life is greater than the complete expectation of life 


Ct>) 

fi 

If II 

equals " 

1 * 


*1 

11 

(c) 

II 

" " is 

less theji " 

it 


II 

91 



or, 

in symbols, when 






(a) 

tx > e x , 

(b) t x = S x , 

(c> 

tx < 

0 

e x# 


The 

sign 

> means and is 

read H is greater 

than, 

the 

sign 

> 

"is 

a- fi 

less 

than." Thus a 

b means and is 

read 

"a is 

greater 

than 


b." 


0O0 
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XVI. 


LESSON XVI. 


* • * 

Expectations of LIT e and Probable Life ( continued ) . 

Still another expression met with in actuarial ps.rlance is 
" The most Probable Lifetime ." This, with respect to a group of 
persons all of the same age, is defined as the difference between 
the present a^e and that year of age in which the maximum number 
of deaths oocur in the group. The term " most probable " oom.es 
fro::; the assumption that since all the members of the group are 
on an equal footing any individual of the group may regard that 
year when the greatest number of deaths takes place as the one in 
which he is most likely to die. For example, an inspection of the 
dx or death column of the American Experience table of mortality 
shows that a maximum death frequency is reached at about age 73, 
there being 2505 deaths in that year. The most probable lifetime 
of a person aged x is therefore 73 - x; for age 35 this gives 38 
years as the most probable lifetime. 

The following table serves to show the difference between 
the future terms of life obtained by the several foregoing methods 
also the duration of life, or age at death, in each case, all for 


a~e 

35. 

Future term 

Duration 


Description 

of life 

of life 

e 35 

= Curtate expectation of life 

... 31.28 

66.88 

0 

e 35 

- Coirplete expectation of 

• • • , 31 . 78 

55.78 

t35 

= Provable lifetime..*.' 

... 33.99 

68.99 

Host probable life time 

• » • 38 • CO 

73.00 
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These future terms of life are of more than ordinary Interest 
because they are sometimes employed (although not always correctly) 
to measure-*he pecuniary loss or damage sustained in cos a of death 
or disability due to negligence, for example, death on a railway 
car due to oareleesness of company. Having determined the aur- 

I 

pluB earning power of the decadent, which may be regarded as a 
measure of the annual loss to his dependents, this sum is usually 
taken as the annual rent of an immediate annuity which is to run 
for a term certain or for life. When a term certain ie employed 
it is frequently the complete ezcpeotatlon of life or the 
probable life t x ; it is easy to see, however, that these measures 
are quite arbitrary, and may be wide of the mark, especially if it 
can be shown that the earning power of the decedent is likely to 
be variable or cease entirely at a certain age. In this connec- 
tion it would be interesting to know whether an Immediate annuity- 
certain for the term of the curtate etrpectation of life is greater, 
equal to, or less than an immediate life annuity. We shall first 
investigate this question for the age 35. It has already been 
shown that e g5 = 31.28 years so our prpblem is to find the value 
of the immediate annuity-certain a^—"^ and the immediate life 
annuity a g&v To find ag^-g-gi : 

1 1 0.28 

1 year- ^ 30 years 

< 31,38 years 

the usual practice is to make (a) the annual payment of 1 at end 
of each year during 31 years and (a) the fractional payment of 
0,28 at the end of 31.28 years. The present value of (a) is 
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a Sll 5 the P re3ent value of (b) la determine! by finding the value 
of 0.23 at the beginning of the year in which it ia due, point A 
in diagram, at simple interest, and then reducing this amount to 
the present moment, point 0 in diagram, at compound interest by 
multiplying by v 31 . Using formula (2), simple interest, the value 
of 0.28 due at E, reduced to point A, the beginning of the year, 
is at 3'f 

■ — 0-g . B . = q -ga . = . 2777 

1 +- 0.23 x .03 1.0084 ’ 

1 ■* ’AO ,, 

which, multiplied by t jx = .39999 gives .1111 as the present valua. 
By the table on page 32 we have at 3,'T 

(a) = 20.0004 

(b) = .1111 

whence, adding, a 3l'.2QI = 20.1115 

By referring to the table on page 84 we find the value of & life 
annuity-due, with payments at the beginning of the year, issued 
to a person aged 35 is 19.9174; therefore, since a life annuity- 
immediate, with payments at the end of the year, falls short of 
the life annuity-due only by the first payment of 1, it i3 evident 
that = 18.9174. Accordingly it appears that the present value 
of an Immediate annuity-certain for the term of the curtate expec- 
tation of life at age 35 exc e eda the pres ent value of an immediate 
life annuity issued to a person aged 35 by 1.1941. To illustrate, 
if the damage to be awarded were base! on an annual loss of $1000, 
the adjustment by means of the curtate expectation of life woull 
exceed that by the life annuity to the extent of £1194.10, for 
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1000 *517251 = 20111.50 

1000 & - 16917.40 

difference = 1194.10 

Since the terms of the complete expectation of life and prob- 
able life are longer than the term or the curtate expectation of 
life an adjustment on the basis of a term certain equal to either 
one would be still more favorable to the beneficiaries of the 
decedent. 7e have here considered the case of ago 35; it may be 
of interest to know if the relation 

holds for all ages. For those who are mathematically inclined we 
give below a proof that the present value of an Immediate annuity - 
certain for the term of the curtate expectation of life at any 
age is always greater than the present value of an Immediate life 
annuity issued at the b ane age . Since the complete expectation of 

life exceeds e x by 1/2 it follows with still greater force that 

a e^T 

at u_l ages , that is , for all values of x. 

Proof . 

Let e x = n +■ f, where n is the integral and f the fractional 
or decimal part of the number expressing the term. Then, by the 
preceding lesson, page 104, 

e x = n + f = iP x + 2 P X + + n P x * n+l^x + n+2Px + + r^x- 

consequently, transferring the terms up to and including n -fiP x to 
the left hand member, we hare 
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n + f - l p x - 2 p x - - n p x - n+l p x " n+2 p x + + r p x* 

a relation which we shall nake use of later in the proof. 

In theory, the fractional payment would be made at the 


end of n + f years 


Last Integral 
payment on = 1 
annuity 


X. f' j , .• 


J.M 


Fractional payment = 
„ (1 4- l) f - 1 


y-o-tX 




— n 


years 


ae i 

A 


A 

n yrs , 


■f years 


fi fl - 

- — i- 

■a 


•1 - f year 8 


f 

— f- — 

i H 


— one year 


n + 1 yrs. 


and, since it 1 b the accumulation or amount of an Immediate annuity- 
certain for the fractional term of f years, would by formula (33) 
be equal to 

_ (1 + i) f - 1 
“ fl I 

The present value of e—, due at the- end of n + f years, point E In 
diagram, is found by multiplying this amount by the discount factor 
v n+f , lienee the total present value of the annuity, including the 
n integral payments made at the end of each year during the first 
n years , is : 


a ®xl = •*»«■! 


= a 




+ v 


n+f 


(1 + i)" - 1 


The next step in the proof will be to show that the present 
value of the fractional payment sr^-j made after n + f years at 
point E is_ greater than the present value of a fractional payment 
of f made at the end of n + 1 years at point H, or, in algebraic 
symbols, that: 

V* +f • S? T > V r+1 • f 
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112 . 


'o this end we have: 


\ TH 


^.sp - . !1 * f - T* 




hence 


1 - ▼* 
It 




= ^ • 


- t" + 1 


(1 + i) - y^ — 1 


V n+f . 


a fl 


= ^+1 . (i-+i) - (itA) 


i 

l-f 


from which it appears that If we can Bhow that the quantity within 
the bracket Is greater than f the truth of the preceding inequality 
Is established. In order to show that the quantity In the bracket 
Is greater than f we shall find it necessary at this point to 
expand (1 + in. a series proceeding according to ascending 

powers of i. This is easily accocqjlished with the aid of the 
binomial theorem, concerning which the student la advised to con- 
sult any good college algebra. The binomial formula is: 

, . - »m m . m m-1 . . m(m - 1) m -2 , 2 . m(m - 1) (m - 2) _m-3 ,.3 

<a + b) = a + y a »b + . a .b + ^ a *b 


m(m-l) (m-2) (m-3) m-4 .4 . 

+ .a »b + 

1. 2.3.4 


etc. 


accordingly, setting 

a = 1, b = i 


m = 1-f 


we have 


< 


1 + = 1 + ^.i + (l-n,.(l-f-ll, lg + (l-f),(l-f-l)_(l-f T 2) <A 


1.2 


1*2-3 


etc. 


= i + 1 - n - + otc . 

1-2 1 * 2*3 

Tranaf erring 1 + i to the left hand member, changing the aigns 
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of all th- terms in both members and dividing both members by i, 

(1 -.- * 1)1-f = f + JU=£>£.l - ....etc, 

i 1«2 

Enclosing the terns In. the aeries in the right hand member, after 
the first, in pairs by means of braces, m have 

(1 + i) - (1 + i) 1 ” f _ „ . (l-r)f|\ f+1 ,1 , , 

- — = f + — i " 4 2 ‘ 1 •* ■* + etc. 

from which we conclude that the left hand member ia_ greater than 
f since it is equal to f plus further terms of an infinite series. 

In practice , a fraotional payment f would be made at the end 
of n + f years . 


Last integral 
payment on 
annuity 

^ n years — 


= 1 




Fractional 
payment 
= f 


years 


A. 

n yrs. 


-H 


-l-f years 


H 


•one year > 

n+1 yrs . 


It is g elf evident that the present value of a sum f due at the 
end of n + f years, point 2 in diagram, exceeds the present value 
of the same sum f due l-f years later, that is, at the end of 
n + 1 years, point H in diagram. It appears, then, from what has 
gone before, that the present value of the fractional payment, due 
at the end of n + f years, of an immediate annuity-certain, both 
in theory and practice, exceeds the present value of a sum f due 
at the end of n + 1 years, point H in both diagrams. Hence in all 
cases ary = a^+jn > + v n+1 .f 
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134 . 


ae: 


= T + 

r H + 

V 3 

+ . . . . 

,...+ v n 

V + 

y2 + 

v 3 

+ . . . . 

v ! - 


'X i 

Al^o, reforming b?.ck to pp.^e 72 , vro find for the lasted late life 
annuity the expression: 


a v = v 


+ v 2 is±s + 4 - v»+l + vP.+P, lx-t-n +2 +i , t+ T r l;s+r 

-T 1-w lir T T .. 


?«lt 


hx 
ljc +1 _ 


lPx : 


lx - -- -X 
HCcor'iir..’ r ly-, we iru.y write, 


lx - x 

Hp- 2 - = 2 p x> «•• ~Y + ' n ' = n p x> etc *> 


eu. 


x = T iP x + v ‘s p x + ‘** + 7 n+l p x 


n+1 r, + v n +2 *s 4 - -u -n-r 


n+ 2 p x + + 7 r p x * 

Subtracting this equation from the above inequality, we have: 

■Tj - a* = v(l - +......+ ^(1 - n P x ) + v n+1 (f - n+ 1 P x ) 


X; 


- Tn+ 2 n+ 2 p x " 


— IT *" 




r i- x 


> ^ +1 < J - l?x + + 1 - nPx + f - n + l*z> 

“ ^^n+pPx - 
= v n+ l{n 4 f - lPx - " n Px - n + l p x> 

“ Tn+? 'n+2 p x - 

= 7,1+1 <n+ 2 p x + + r p x> 


- 7 r p x 


— V "P 

r-^x 


__ rrn.+ P, j, _ 

7 n+ 2 p x 


- 7 r r p x 


or. account of the relation established at the top of pa^e 111 * 

The above inequalities will ri^e the student no trouble if he will 
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rerneiriber that v raise*! to a ny power Is greater than v raised to a 
still higher power, since t, the discount factor, is always less 
than 1. The last of these inequalities ray be written: 

a e x . “ a x >v° +1 [(l - v) n+2 p x + (1 - v 2 ) n+3 p x 4-...+ (1 - T r - n - 1 ) r p J 

the right hand member of which 13 evidently made up of positive 
terms and hence must be srreater than zero. Therefore 

agj^ - a* ^ C, that Is, ag^Tj > Oj-, which wag to be proved. 

•Example 1. Find the present value of bj| on page 11^ by first 
accumulating s^j to the end of n + 1 years, point H, and then reduc- 
ing or discounting this amount n + 1 years to the point 0. 

Review Problems and Exercises . 

‘Example 1. Assuming that a purchaser desires to realize 
Interest at the rate i, investigate a formula for determining the 
price to be paid for a bond of 1 securing an annual dividend of J 
ar.d redeemable at a premium n yeers hence. 

$100 irredeemable sto.ok bearing an annual dividend of $4 
was bought 20 years ago for *90. Find at what figure it must now 
be sold in order that the vendor may realize 5 per cent, per annum 
on the transaction. Institute of Actuaries Examination, Part II., 
April, 1903. 

•Example 2. Show how an annuity at any age may be expressed 
in terms of that at the next higher age. Actuarial Society of 
America, Examination, Part I., May, 19C1. 

oOo 
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LESSON XVII. 





To find the value of an insurance for life of 1 on (nc) : 


lx d-x 3;:+i dx+a 


1 

1 

to enl of table 

r— 

— x yrs - 


I 



Let each individual of a group of l x persons, each of age x, con- 
tract to take an insurance of 1. During the first year of 
these individiials will die, hence the sum of d x units will mature 
at the end of the first year. Iho value of this sum at the begin - 
nin g of the year is vd x , interest being at the rate i. After two 
years, d x +i further contracts will mature owing to the death of 
the &J -+1 individuals out of the Ix+i starting out at the beginning 
of the second year. The present value of d x +i units due two years 
hence is Proceeding in this way we have the following 

scheme: 


v d x 

la the present Talus 

of d x units 

due 

in one 

year, 

v 2 d x+ i 

Do , 

• dx+l 

Do. 

two 

years , 

■^ 3d X+2 

Do. 

d x+2 

Do. 

three 

years , 


etc . , to 

enl of table . 





Whence, adding, there must be in hand at the present time: 

vd x + v 2 dx+i »■ v 3 d x +2 + . to end of table , 

units In order to meet contracts aB they mature. It must be borne 
in mind that this sum must be immediately invested so as to yield 
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f.t least i r i interest, compounded annually. Since each of the l x 
members who start out ought to share the same portion of the total 
present value, we have: 


v dx + v s dx+l + v3d x +j> + ... to end of table 



as the contribution due from each Individual. This formula may 


be modified somewhat as follows: — multiply numerator and denomin- 
ator by v A , then 

v*- + ldx + v x+a dx+l + v**®dae4-2 + ••• to enf i of table 

= • ' ^Jx 

4-1 

We now introduce a new corrcrr.tation symbol, viz*: C x = v 31 x d x ; 


hence, 

Cx = dx j 

Cx+l = v z+a d x +l ! 

Cx+2 = t x+ 3 d x +2 j> (74) 

etc . , 

Cx+n = d x+ n 


and the preceding f or mil a nay be written, -- 

Cx + Cx+l + Cx+2 + ..«• to end of table 


A T - 


Dx 


(75) 


Finally, introducing another commutati,on symbol, M x , which we 
define as follows: 

It* = C x + 0 x +l + C x +2 + •••• tc Qnd of table, (76) 

formula (75) talce3 the simple and well-known form: 

(77) 

The single premium for an ordinary life insurance of 1, viz.: 


A = 
x 
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Ax, is thus easily expressed In terns of commutation symbols. 

'.his premium, A X| it must be understood, is a net premium . The 
commutation symbols, Cjc and M x , will be found tabulated for the 
American Experience table at on pages 80 and 76. 

Y/e shall next seek the value of an insurance of 1, Issued to 
(x) , deferred n years. The symbol for this la n IA x . 

lx lx+n d x+n d x+n+l 


: 

1 


to end of table 

i 

< x yrs ^ 

i n yrs * 1 




Referring to the figure we see that after n years lx+n survive of 
the l x who started at age x. By the Mortality Table, d^+n lives 
out of l K +n fall during the (n + l)th year after age x. Therefore 
n + 1 years hence, d x + R units will mature, and the present value 
of dx+n units due in n + 1 years is v n+ l dx+n. In this manner we 
arrive at the scheme: 


v n+ ld x +n 

is the present 

value of d x +n units 

due 

in n 


1 years , 

v n+9 'd x +n+i 

de. 

dr+n+1 

do. 

n 

■f 

Z " 

vI1+3d x+nt2 

do „ 

dx+n+2 

do. 

n 


3 " 


etc., to the end of the table. 

The total present sun required to riset the maturing contraots is 
therefore, 

v n4 ‘ 1 dx4-n + v n+a d x +n+l + v n+3 d x +n +2 + to end of table. 

Dividing this charge equally among the l x members who purchase the 

deferred insurance, we have, x . 

#A _ T nf ^dx+n * v n+2 dx+n+l + v n+s djt+n+2 + to end of table 

n fA x * 
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Co reduce this formula to commutation symbols to multiply, as 
usual, both numerator anl denominator by v x , and have, — 

,, _ v3C+n+1 ^x+n + + r x+n+3 d x+n +2 + . . to end of table 

nr** 

1* 

TThenc e , by formula (74), 



Cx+n * Cx+n+1 * Cx+n+2 ^ to of table 


(78 


V 

/ 


ar.i, by (76),— 


n! A x 


l§S±a 

Dx 


(79) 


Our next problem will be to determine the value of a tempor- 
ary insurance of 1, for n yettra , issued to (x). Perhaps the 
simplest method of solution is to make use of the evident fact 
that a temporary insurance of n years is equal to a whole life 
insurance less on insurance deferred n years. This gives: 



i nAoc 

- Ax 

- nlA-x = 

M x Hx+n 

Ax Dx 


therefore , 

in A x 

_ Hx 

- 25x+n _ 
Dx 

M xfp 

Dx 

(80) 

This formula can be 

derlvel 

in the same manner as 

the ordinary 

ftide life 

aril 

deferred life 

insurance formulas: 


I 


> 


^+1 d x+2 

i j 

^x+n-l 

:: yrs 

> 

i 

- 1 

1 T 

n'yezrs 

9 1 


Here we have, 
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is the present value of dx due In one year, 


v 2 dx+l 

do. 

d x+l 

" n two years , 

v 3 dx+2 

do. 

d x+2 

■ " three 11 



etc. , to 


v n d :<+n -l 

do . 

d x4n-l 

rt it 11 


Adding, and dividing by l Xl we have, — 

)nA ^ = Tdy + v s d;-+l 4 v^dx+3 *■ .... + ^dx+n -1 

1 x 

and multiplying numerator and denominator "by v x , 

I A = ifig* t v3C *' 2a x+ 1 + . .... + ^"ijctn-l 
1 v* l x 

_ C x + Cx+1 + » . . . . . + Cx+n-1 

Dx 

Now, 

% = C x + +■ Cx+n-1 + Cx+n + C x +n+l + to end of table, 

and, 

Mjc+n = C x +n + Cx+n+l + ..... to end of table, 

Hence, I.bc - Itx+n = C x + ....... + Cx+n-1, ani our formula becomes, 


I k _ Mjc ~ lfe+n 


aa before. 


We may algo have a deferred taiporary, or as it ig sometimes 
called, an intercepted, insurance. Let the insurance of 1, issued 
to (x), be deferred n yea^o and then temporary m years. In value 
it Is clearly equal to the erce3s of an insurance deferred, n years 
over an insurance deferred (n+xn) years. 

Hence 7 n [m^x ~ nlA. x - n+rv-Ax — 
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and , nlirAx = *££±3 = MxJ-nj^L 

*>x Dx 


( 81 ) 


"It is left as an exercise for the student to derive formula 
(31) by the other method, usin'-: diagram to illustrate. 


A very simple relation exists bet-veen the annuity a x and the 
insurance A*; we now proceed to derive it. 

C x = v ;x ' , ' 1 d x = v* +1 (l x - lx+l) = v* +1 lx - v x+1 l x +i 

= v.v^lx - v x+ 1 l x +l = vE x - Iht+1 . 

Therefore, C x = vD x - D x +1 

Cx+1 = vDx +1 - Dx+2 (82) 

Cx+2 = v\D:;+o _ Ex+3 

etc., to end of table. 

Adding, ZC X = vXUx - "Pril . 

Here the si~n /, (the Greek capital letter Si^ma) is a symbol of 
summation, used for purposes of abbreviation; thus, — 

Y. C x = C x + Cx+1 + Cx+2 + to end of table, 

FZ Dx = Dx + Dx+1 + Dx+8 + to end of table, 

21 Bx+l = Px+l + Dx+2 + to end of table. 

But, H C x = Mx; L Ex = K*x; *- Dx+1 = "x; 
and the above formula becorr.es,-- 

M x = - *-x- (83) 

Dividing both sides of (83) by we have,-- 

Mx _ l'I x 

Dx Dx ' 

which, by. formulas (77), (70a) and (70), maybe written. 
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Ax “ - a x , whence, by (69), 

A x = 7(1 + a x ) ~ a x . (84) 

.Formula (84) egresses the relation which invariably exists between 
the quantities A x and a x . It shows that if either one is qiven 
the other can be readily determined. Remembering that, 
v = y-~, d = iv = X- v, etc., 

formula (84) may be thrown into several other useful ani interest- 
ing forms. For example, 

A x = v(l + a x ) - a x = ^ *— * - - a x 
_ 1 + ar - ax - iax 

in 

Hence, A x = C©5) 

4 It is left for the student to show that: • 

A x = v(l - ia x ) “ ' ■ 3 . (86) 

= v - (1 - v)agc ( . \ (87) 

= 1 - d(l + a x ) _ _ (39) 

•Example. — Prove that, • - y1 ' . 

n IA x = v n ! ,.w x - nl a x * 

Below are two numerical schedules drawn to illustrate the 
sufficiency of the single premiums found by the use of formulas 
(77) ani (80). By formula (77) the net value of a whole life 
insurance for 1 i33ued to a person ated 95 is: 



40 ,440631 
44.46441 


.9095066 , 


hence the fund due to the contributions of C-485 memoers purchasing 
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nucii insurances is: 


5485 x .905506$ = 4988.644. 


i 


Table showing the operation of an insurance fund of ^4988.644 
formed by a group of 5485 persons of age 85 each purchasing & 
whole life insurance of $1 payable at end of year of death. 
Baaed on American Experience mortality table with interest at 
three per cent. 


j 


u>j 

— 

(2) 

(?) 

’ 

(4) 


(6) 

«« 

— 

(8) 

i 

O) I 

1 

. 

Fund at 

Interest 

Sum of 

Death 

Fund at 

Surviv- 

Reserve, l 

Age- 

Year 

commence- 

earned in 

(3) + (4) 

claim* 

end of 

ors at 

or policy! 



ment of 

year 



year 

end of 

value =j 



year 





year 

(7)e(8)j 

1 

85 

1 14988.644 

149.659 

5138.303 

1292 

3846.303 

4193 

.91731 

85 

2 

3846.303 

115.389 

3951.592 

1114 

2847.692 

3079 

.92488 

87 

3 

2847.692 

85.431 

2933.123 

933 

2000.123 

2146 

.93202 

88 

4 

2000.123 

6C.004 

2060.127 

744 

1316.127 

1402 

.93875 

89 

5 

1316.127 

39.484 

1355.611 

555 

800.611 

847 

.94523 

90 

6 

800.611 

24.018 

824.629 

385 

439.329 

462 

.95158 

91 

7 

439.629 

13,189 

452.818 

246 

206 818 

216 

.95749 

92 

8 

206.818 

6.205 

213.023 

137 

76.023 

79 

.96232 

9 3 

9 

76.023 

2.281 

78.304 

58 

20.304 

21 

.96686 

94 

10 

20.304 

.609 

20.913 

18 

2.913 

3 

.97100 

95 

11 

2.913 

.087 

3.000 

L* 

.000 

1 

O J 

i 



By formula (80) the net value of a temporary, or term, insur- 
ance for 1 issued to a person aged 20 to extend oxer a period of 
5 years is: 


i5 A 20 ‘ 


MjJO - M 25 1697.40776 - 1514.57076 


132.837 


.0356471 


I>20 5129.087 5129.087 

lienee the fund due to the contribution of 92537 members purchasing 
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such insurances isr 


92637 ;; .0300.171 


Q OZ-'O O A 
•- \J V . . • c. -k V • 


Table showing the operation of an Insurance funi of 33302.240 
formed by a group of 92637 persons of age 20 each purchasing a 
temporary, or term, life insurance of $1 payable at the end of 
year of death In case death occurs within five years. Based on 
American Experience mortality table with interest at three 
per cent. 


(1) 

(2); ( 3 ) 

(4) 

(5) 

(6) 

(7) 

(3) 

O) 


1 Fund at 

Interest 

Sum of 

Death 

Fund at 

Surviv- 

Reserve, 

Age 

Year oonmenoe- 
! nent of 

earned in 

( 3)+(4) 

claira 

end of 

ors at 

or policy 

year 



year 

end of 

value = 


! year 






year 

(7>+(3) 

1 2C 

1 1 3302 . 240 

99.057 

3401.307 

723 

2673.307 1 91914 

.02914 

21 

2 | 2673.307 

80 . 349 

2753.656 

728 

2036.636 

91192 

.02233 

22 

3 * 2025.656 

61.100 

7097.756 

721 

1376.756 

90471 

. 01522 

23 

4 ! 1376.756 

41.303 

1418.059 

720 

593.059 

89751 

.00778 

24 

5 ' 693*059 

• 

20.941 

719. OCO 

719 

000. CCO 

390 -Y* 

.00000 

1 

i 








•Example 1. Fi.nl the ralue of A S5 , 5 IA 35 , 15 * 35 , 101.^35* 

•Fr.anple 2. Derive a numerical schedule illustrating the opera- 

<Yar 

tion of an insurance funi forme! oy a Troup of 31322 persons* each 
effectin- a temporary (for five rears) insurance of $ 1 . 

•Obcample 3. Derive a numerical 3 cheiule illustrating the 

<**■ ai 

operation of m insurance funi formed by a ."Troup of 31322 persona /' 
each effectin': a leferrei temporary (deferred ten years, then 
temporary five years) insurance of 31. 


0O0 
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l s s s o xvtii. 


In tlie prececlinp; lesson an algebraic relation was sko 7m to 
eiciat between the insurance A x anl the a nnuity a Xl namely, 

A x = v. a x - a x = + B x) ~ 

It was deduced by an analytic process, and then by means of alge- 
braic ti rmsf ormations it was thrown into several other forms, as 
(85), (86), (87), (S3). 

.7e shall now show how some of these formulas ma 3 r be otherwise 
obtained and verbally interpreted. Perhaps the formula (85), 


Av = 


1 - ioi 


1 + i 

admits of the simplest derivation.! An amount 1 deposited by (x) 
will produce during life an annual interest i payable at the 
end of each year to the insured. At the end of the year of death 
there will be the original unit 1 ar.d the interest i for that year 
payable to the beneficiary, that is, an insurance of 1 + i. Hence 
a payment of 1 will furnish to (x) a life annuity of annual rent 
i and a life insurance of 1 + i. The value of the annuity is da*, 
and the value of the insurance i3 (1 + i)A x . Therefore, 

1 = ia y + (1 + i)A x 
whence, (1 + i)A x = 1 - ia x 

_ 1 - iax 


and 


At- = 


1 + i 

The formula at the head of this lesson admits of a direct 
verbal Interpretation . It shown that the value, A Xt of an 
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insurance of 1 on (x) i3 the excess of an annuity-due , with, annual 
rent v, that is, v£U x = v( 1 + a^) , over an annuity-immediate, with 
annual rent 1, that is, a x . This is evidently the oase, for oon- 
| slier any year which (x) enters upon and completes : 


of year 


Contribution of the annuity- (l+i)v = 1 

t = due at the beginning of the to at end of , 
Beginning j year which accumulates the year j End of 

■O- Year entered upon and completed - & 

Contribution of the ! year 
annuity- immediate at = 1 
the end of the year 


IJeartT^the annuity-due will furnish the rent v at the beginning of 
the year which at interest during the year will accumulate to 
(1 + i)v = 1 at the end of the year; while the annuity- immediate 
with rent 1 will furnish 1 at the end of the year. Thus at the 

en d of the year the excess of the contribution of the former over 

1 % 

the latter is nil. It Is different, however, in the case of the 

\ 

year of death, that is, the year entered upon but not completed . 
Here it la the same as before with the annuity-due , but the annuity- 
irrr.ediate yields nothing; hence there is an excess of 1 at the end 
of the year of death. This amount would go to the beneficiary and 
may be regarded as an insurance of I on (x) ; Thence, 

A x = rSb x - a x . 

"Example 1.— Prove that A x = v - da x where d = i/(l+i), and 
c-effi give verbal interpretation after the manner of the illustrations 
in the first part'" of this lesson. 


•Example 2. — Give verbal interpretation of formula (86). 
•Example 3. — Give verbal interpretation of formula (87). 
•Sxanqple 4. — Give verbal Interpretation of formula (83). 
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Jje have teen considering formulas in which A x la expressed In 
terms of a x # It is an easy matter to derive a x In terms of A x 
from these same formulas. For example: 

A x = vCl + &x) ” a x 

A x = v + va x - a x 
Transposing, ax - vax = t - Ax 


hence , 
and since 

therefore , 



Ax 

v 


1 - v 


1 


1 

1 + 1 


a x = 


V - Ax 

a 


l 

1 + i 


d 


(39) 


*3xanrple 5.— Prove that a x = 1 7. IhLliis (90) 

•Example 6. — Prove that a x = - - 1 (31) 

d 


Perpetuities . 

An annuity of which the payments are to continue forever is 
called a perpetuity, A perpetuity may be an immediate perpetuity, 
a perpetuity-due, a deferred perpetuity, etc., the significance 
attaching to these terms being similar to that in the ease of 
annuities-certain heretofore dealt with. It is clear that the 
perpetuity is a form of annuity-certain, aff| , where n r the term, 
is infinite <n = oo). For this reason the symbol used to denote 
a perpetuity, with annual rent 1, is aco* If the annual rent 1 is 
paid in Instalments of 1/m at the end of e.-ch mth part of the 
year, the symbol used is , 
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Inroe 4 late 


-O 

Perpetuity = a^Q 


1 year 


2 years 


forever 


Immediate 1/3 1/3 1/3 1/3 1/3 1/3 


■forever 


Perpetuity = 1 year 


2 years 


It la easy to see that the present value of the perpetuity 
ci«* at the effective rate of Interest 1 is,-- 

Bo o = ^ (92) 

for 1 / 1 , invested at interest at rate 1 , would yield an annual 
Interest of 1 x 1 /i = 1 , that is, a perpetual Income of 1 per 


annum. 


Similarly, the present value of the perpetuity at the 

nominal rate of interest j, convertible m times per annum, is,-- 

afc } at j (m) fo = ] (93) 


for, since the nominal rate is j per annum, it would be j /m for 
the interval of 1 /ath of a year, and the interest yield of the 
principal 1 /j would be 1 /j x: j/m = l/m f that is, a perpetual income 
of 1 /m at the end of every mth part of a year, thus making an 
annual rent of m x 1 /m = 1 , 

The result ( 02 ) jna y be established by referrin .3 back to the 
formula for derived in the theory of annuitiea-certain. Thus 
we had, formula (30), 

ant = 

and if the term be made Infinite, that 13 , n =00 , in this 
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expression, it beoonies: 


for 


1 

i + i 


a.ca 


I - 


f 1 


1 + i 


oo 



1 

i 


i 9 less than unity, and if such a quantity "oe multiplied 


by itself an infinite number of times the product will diminish 
indefinitely ana approacn zero as a limit. 

Similarly, it say easily be shown that the inniediatc annuity- 
certain, with annual rent 1, payable uniformly In m equal instal- 
ments of 1/a, has a present value: 




1 

(i + j/n) 31 ” 
J A 1 


(1 + j/m)™ 

3 


irtien the term-certain is n years and the nominal rate of interest 
is j convertible m times per annum. *This is left as an exercise 
for the student. If, now, in this formula the term-certain be 
increased indefinitely, n = CO , then it becomes: 



1 


1 

(1 + 3Mf° 

j 



1 

1 


Having now explained what is meant by the perpetuity acoi we 
return to our diacuesion at the head of this lesson and add 
thereto the following formulas: 


Ax 


a QO ~ 

1 + a OO 


(94) 


a X - a c O' * a cc^ A x 


(9b) 


These formulas, with the aid of (92), may be at once derived from 
those at the end of the preceding lesson, formula (94) may also 
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"be derived and Interpreted verbally, an exercise which the student 
should carry out. 

•Example 7. Show that, — 

a oo = a fit + n j a oo 
and 3-00 = 1 + »«, 

Review Problems and Exeroigeg . 

•Example 1. Prove mathematically that ag^ aac- Institute 
of Actuaries Examination, Part II., April, 1903, v ' 

•Example 3. Find the compound interest on one dollar for 
three-fourths of a year, (a) when the effective rate is 4 per cent, 
when the nominal rate is 4 per cent, and convertible (b) yearly, 

(c) half yearly. Act. Soc. of Amer. , Exam., Part I., May, 1901. 

•Example 3. Given a table of mortality, show how to find (a) 
at what age it is Most probable a person of a given age will die; 
(b). how many years he has an even ohance of living. Act. Soc. of 
Amer. , Exam., Part I., ?*ay, 1901. '' ' '■ 

•Example 4 . Assuming interest at 5 per cent., the present 
value of an annuity of 31, payable at the end of the yeor on a 
^iven life, is found to be ‘13-. 66. "What is the present value of an 
insurance of t>l on the same life? Act. Soo. of Amer., Exam., 

Part I., June, 1900. 
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